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1 Abstract

This papergeneralizesprogramslicingalgorithmsoriginally definedoverrepresentationsof programs
to operateoverdirectedgraphs.Doing soprovidesa uniformframeworkto modelWeiser’sandOttenstein
& Ottenstein’sapproachesto programslicing as abstractmathematicaloperationstransparentof any
concernsof a program’sstructureor its semantics.This transparencyhelpsus in a) derivingcalculational
styleproofsof algebraicpropertiesof slices,b) makingmoregeneralassertionsaboutthesepropertiesthan
thosepreviouslyestablished,andc) generalizingWeiser’sslicing criterion to allow union of statements.

The two programintegration algorithms due to Reps and Horwitz, Prins, & Reps use program
slicing as an elementaryoperationand are generalizedto integratedirectedgraphs. Thesealgorithms
canthereforebe usedto integrateversionsof any artifact that may be representedasgraphs,for instance
versionsof specificationand designof softwaresystems.

2 Introduction

A slice of a programwith respectto a programpoint p and variableu consistsof all statements
of the programthat may affect the value of u at point p. Programslicing, the techniqueof extracting
a program’sslice was introducedby Weiser [Wei84]. He showedthat programslicing aided in the
debuggingof programs. Later works have used program slices in measuringmodule cohesionand
assistingin softwaremaintenance.

Later works [KL88, AH90] introducethe notion of dynamicslice- the set of statementsthat affect
the value of a variableat a particular ‘instance’ of a programpoint during the executionof a specific
input. In comparisona slice definedby Weiseris termedasa staticslice. In this paper,exceptin Section
8, we restrictour attentionto staticprogramslices. Henceforth,unlessexplicitly stated,a programslice
implies a static programslice.

There are two approachesto program slicing, one due to Weiser [Wei84] and the other due to
Ottenstein& Ottenstein[OO84]; referredto here as Weiser’s slice and O-O slice, respectively. The
approachesdiffer on their slicing criterion - factor on which a slice is performed- andthe techniquefor
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Table 1 A comparisonof variousslicing algorithms. All but Weiser’salgorithmidentify the setof statements
in a slice by performinga reachabilityanalysisof their representationgraphbasedon the slicing
criterion. The modifiedWeiser’salgorithm of Section3 usesthe sameslicing criterion asWeiser’s
algorithm andproducessimilar resultsby performingreachabilityanalysis.

Algorithm Scope
procedure

Representation Slicing criterion Technique

Weiser’s[Wei84] multiple Flowgraph Statement,
Variable

incrementalflow
analysis

Ottenstein& Ottenstein
[HPR88a]

single ProgramDependencegraph Statement reachabilityanalysis

Horwitz, Reps,Binkley
[HRB90]

multiple Systemdependencegraph Statement reachabilityanalysis

modified Weiser’s
section3

single extendedPDG Statement,
Variable

reachabilityanalysis

detectingstatementsbelongingto a slice, as shownin Table 1. The specificslicing algorithms[Gal90,
HRB90, OO84, OT89, Wei84] further differ on whether they processsingle procedureor multiple
procedureprograms* and the internal representationthey usefor programs.

An interestingapplication of program slicing is the problem of integrating multiple versionsof
programs.This problem,formalizedby Horwitz, Prins, and Reps[HPR88a],may informally be stated
asfollows. Let A andB be two programsthat arevariantsof a third programBase. Let M be a program
suchthat a) it “preservesthe changedbehavior” of both A and B wrt to Baseand b) it “preservesthe
preservedbehaviors”of Basein both A and B. The problemof programintegrationis to find M given
A, B, and Base. If such a programdoesnot exist, A and B are said to interfere with Baseand the
algorithm should detect it.

The needfor programintegrationcommonly arisesin scenarioswhere two personsmay perform
simultaneousmodificationsto a programand thesemodificationsare neededto be merged such that
the conditionsstatedabovearesatisfied. Horwitz, Prins,and Repsusedprogramslicing to identify the
preservedand changedbehaviorsbetweenprograms. Thereare threereportedalgorithmsfor program
integration: HPR algorithm [HPR88a],Reps’ algorithm [Rep90], Yang’s algorithm [Yan90]. Figure 1
givesa schematicdiagramcomparingthe internal representationsusedby thesealgorithms.

As is obvious,the proof of correctnessof the slicing andintegrationalgorithmsandof propertiesof
their resultsdependvery stronglyon the internalrepresentationof their programsandtheoperationsthey
useto producethe results[HPR88a,Rep90,Wei84]. Sincethe algorithmsusedifferent representations
and/oroperations,theseproofs needto be establishedafreshfor everycombination.

In this paper,we definea modifiedWeiser’salgorithmthathasthesameslicing criterion asWeiser’s
algorithmbut usesreachabilityanalysisto detectstatementsbelongingto a slice. This implies that both
O-O andmodifiedWeiser’sslicing algorithmsperformreachabilityanalysisto detectstatementsin their
slice. They howeverdiffer the representationof the programon which they operateand their slicing
criterion. This leadsus to abstractreachabilityanalysis,the techniquefor detectingstatementsin a slice,
as an operationon directedgraphs. We call this graph slicing.

* We usethephrasessingleproceduresliceandmultiple proceduresliceto meanintraproceduralsliceandinterproceduralslice,respectively.
Due to the similarity in their spellings,the latter phrasesrequireextracautionby the authorsandthe readersalike.
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HPR or Reps’ Integration algorithm

Yang’s Integration Algorithm

Program Representation Graph Representation

Program Dependence Graph Representation

Programs Program
(result)(operands)

Figure1 Schematicview of HPR, Reps’,andYang’sprogramintegrationalgorithms.The algorithmstranslatethe
operandprograminto their respectiveinternal representation,integratethe operandsin theseinternal
representation,and then createthe programthat correspondsto this internal representation.

graph slicing and integration

directed graph

Program Program
Artifact

Graph representation

DesignSpecification Design Specification

Figure2 Schematicview of the benefitsof abstractingslicing and integrationoperationsasoperationsover directed
graphs.The HPR andReps’ programintegrationalgorithm canbe usedto integrateprograms
in graphrepresentationsother than PDG. Analogously,artifactsfrom otherdomains(designs,
specifications)may also be sliced and integratedwith meaningfulresults. The constraintson the
representationor the meaningof the resultingartifactsarediscussedin Section9.

We further note that HPR and Reps’ integrationalgorithms,but not Yang’s algorithm, are defined
over programdependencegraphrepresentationof programsusing programslicing, graph-theoretic,and
set-theoreticoperationsto performtheoperation.We defineanalogousalgorithmon directedgraphsusing
graph-slicinginstead. We call this operationgraph integration.

This generalizationof programslicing and programintegrationto operationsover graphshas the
benefitthat it allowstheinvestigationof propertiesof theseoperationsindependentof thecontextof their
usage.This leadsto isolating the propertiesof thesealgorithmsinto two categories:

1. those that can be derived solely from graph-theoreticreasoning,referred to herein as syntactic
properties, and
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2. thosethat dependon the interpretationassociatedto the graphrepresentations,referredto hereinas
semanticproperties.

This impliesthatthesyntacticpropertiesfor programslicingandintegrationalgorithmscanbederived
from the propertiesof analogousgraphoperations.The proof of thesepropertiesfor everycombination
of representationsand/oroperationscanbe extrapolatedfrom the proofsof the correspondingproperties
for graphs.

We model Weiser and O-O programslicing algorithmsusing graphslicing. We discoverthat the
propertyof ‘union’ of slices- a syntacticproperty,for modifiedWeiser’sslicescanbegeneralizedfurther
than what was investigatedby Weiser. Loosely speaking,Weiserhad found that the union of slicesat
thesamestatementbut differentvariablesis thesameasthesliceat thatstatementandthe two variables.
We find that the union of slicesat different statementsbut the samevariablesis also the sameas the
slice over the union of the slicing criterion.

The propertiesthat relatethe meaningof the resultingprogramto that of the operandprogramsfor
bothintegrationandslicingalgorithmsareclassifiedassemanticproperties.Theseproperties,intrinsically,
needto be establishedfor everycombinationof interpretationassociatedto a languageandthe relations
encodedby the graphrepresentations.RepsandYang[RY89] useoperationalinterpretationof programs
and formulatethe meaningof a programpreservedin its slicesas the slicing theorem. Similarly, they
establishthemeaningof theprogramgeneratedby theHPRintegrationalgorithmin termsof theoperand
programsand statedit as the integration theorem.

Our generalizationgives some interesting insights into the integration operation. It splits the
integrationtheoreminto two parts: thesyntacticintegrationtheoremandthesemanticintegrationtheorem.
The first theoremstatesrelation betweenthe structuresof the operandsand resultsof integrationas
graph-theoreticexpressionswhereasthesecondtheoremrelatesthemeaningsof theoperandsandresults.
Since our directedgraphshave no specific interpretationwe statethe secondtheoremin terms of an
abstractinterpretation. We further show that the semanticintegrationtheoremcan be proved for any
interpretationthat satisfiesa slicing axiom.

One implication of this generalizationis that if a multiple procedureslicing algorithm can be
abstractedin termsof graph slicing and satisfiesthe slicing theoremthen it can be usedwith the HPR
andReps’programintegrationalgorithms,currentlydefinedfor integratingsingleprocedureprograms,to
integrateprogramsfor multipleprocedureprograms.TheHorwitz, Reps,andBinkley’s [HRB90] multiple
procedureslicing algorithmunfortunatelycannot beabstractedasgraphslicing andhencethe possibility
of its usefor programintegrationwith HPRor Reps’integrationalgorithmhasto beinvestigatedexplicitly
(as in [Bin91]); it doesnot follow from our findings.

Thereareother interestingimplicationsof our generalization.Thesearediscussedin Section9 and
outlined in Figure 2.

Therestof thepaperis organizedasfollows. In thenextsectionwe presentbackgroundinformation.
This includesnotationsusedin this paper,definition of programdependencegraph,HPR and modified
Weiser’sprogramslicing algorithm, and HPR programintegrationalgorithm. Section4 definesgraph
slicing and presentssomepropertiesof theseslices. Section5 modelsthe HPR and modified Weiser’s
slicing algorithmsusingthe abstractiondevelopedin Section4. Section6 definesgraphintegrationand
Section7 outlinestherequisiteslicing axiomthatshouldhold to derivethe semanticintegrationtheorem.
Section9 presentsour conclusionsof the implicationsof our generalization.
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3 Background

Notations
���������
	��

is a directedgraph if
	�������

, where
�

is a set of verticesof the graph and	
its edges. We use the notation � ����� to denote

�
and � ����� to denote

	
. Further, for elements

belongingto the set of edgeswe use the notation ��� � to denotethe coordinatepair
� � � � � . The

notation ����������� ����� denotesthat either � � ����� �!��� or "$#&% � #&' �)(*(+(+� #-,.�/� �����0�2143�5 such
�6� # % �7� �����98:(+(+(;8 # , � �<�=� �!��� .

The graph
� % ����� % �>	 % � is a subgraphof

�
if
� % <� and

	 % ��	<?@� % �A� % .� ' is usedas a shorthandfor
�B�C�

and is extrapolatedto
�ED

.

If FCGIH % � H ' �JHLK is a binary operatorthen MFNGOH D% � H D' �PH DK extendsit over n-tuple and
is definedas follows. Let Q � < R % � R ' � . . .

� R D > �NH D% and S � < � % � � ' � . . .
� � D > �NH D' be # -tuples.

QTMF-S � < R % FU� % � R ' FU� ' � . . .
� R D FU� D > . Thus the set theoreticoperatorsV and

?
extendedto MV and M?

respectively.

The
1XWXY

elementof an n-tuple is referredas Q�Z , . When usedwith a setof n-tuple it gives the set
of
1[W\Y

elementsof all its elements.

Programs

We restrictourstudyto programswritten in asimpleprogramminglanguageconsistingof assignment,
if-then-else, while, read, andwrite statementswith theconventionallyacceptedsyntax. It alsohasanend
statementthat appearsat the endof a programandmay havea list of variables.This is a specialtype of
outputstatementandis usedto list the variableswhosevaluesareof interestat the endof the program.
The languagealsohasstatementsto declarethe startof a programandto declarethe variableslocal to a
program. Only scalarvariablesarepermitted. The procedureanddeclarationstatementsareconsidered
non-executablestatementsandarenot significant for slicing andintegration.Otherstatementsarecalled
executable. This languageconsistsof somecommonfeaturesof languagesusedHorwitz, Prins, and
Reps[HPR88a]andWeiser[Wei84] for performingsingleprocedureslices.Restrictingourselvesto this
languageenablesus to compareslicing and integrationalgorithmsfrom different sources.

The programslicing algorithmsareguidedby dataandcontrol dependencesbetweenthe statements
of a programwhich maybegatheredusingflow analysis[ASU86,Hec77]. Two setsof variables]$^`_ and
�ba`^ are associatedwith the nodefor eachstatement,exceptthe procedurestatement.The first consists
of all the variableswhosevaluesmay bechangedby that statementandlatter the setof variableswhose
valuesit uses. The two setsare definedas follows:

“
1

contains c�G � _ � ^ % �d(+(+(*� ^ D � ” then ]$^`_ �!1!��� e c;f and �ba`^ ��12� � edg�h4g ‘occurs in some’
^ji �)kml�n7l #If .
“
1

containsread
g % �d(+(+(*�>g D ” then ]o^`_ ��12�p�qeUg % �d(*(+(+�rg D f and �sad^ �!1!�t�qe f .

“ i containsprint ^ % �d(*(+(+� ^ D ” then ]o^`_ ��12�u�<e f and �ba`^ ��1!�9�=evgThwg ‘occursin some’ ^ i �dkLlCnxl #If .
“ i contains if y � ^ % �d(+(+(*� ^ D � then ...” then �sad^ �!1!�z��evg{hpg ‘occurs in some’ ^ i �`k|l�n�l #If ,
]o^`_ ��12�}�~e f .
“ i containswhile y � ^ % �d(*(+(+� ^ D � do ...” then �ba`^ ��1!�}�~evg�h�g ‘occurs in some’ ^ i �`k�lBn=l #If ,
]o^`_ ��12�}�~e f .
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“ i containsend
��g % �d(*(+�>g D ��� then �sa`^ �!1!�t� evg % �d(*(+�>g D f and ]o^`_ �!1!�p� e f .

A variableis said to be referred at a statementif it is either definedor usedthere.

In a flowgraph[Hec77],a path
�!1
� # % �d( ���������	� 
�� , ���� , containingno defsof � in nodes�����������������

is said be definition-clearwrt v from node i to node j.

A definition d of a variablev at node x is said to reach node y if f d is in def(x) and there is a
definition-clear path wrt v from node x to nodey. The definition at nodex is said to reachthe node
y. With every vertex of a flowgraphwe associateanotherset ������� � which is the set of all the vertices
containingdefinitions that reachthe vertex � .

Program dependencegraph

OttensteinandOttenstein[OO84] definea programslice usingthe PDG representationof programs.
Programslicing algorithmsusing their approachemploy somevariation of this graph. HPR and Reps’
programintegrationalgorithmsoperateon PDG representationof programs.This subsectionpresentsa
brief sketchof programdependencegraphs.

The PDG representationusedby [OO84] is a variation of a themeintroducedin [KMC72]. The
definition of programdependencegraphpresentedhereis paraphrasedfrom [HPR88a].

TheprogramdependencegraphG for a programP is a multigraph.Theverticesof a PDGrepresent
programcomponentsand the edgesrepresentflow andcontrol dependencesamongcomponents.There
is a vertex for eachassignmentand control predicatein the program. In addition, PDGsinclude two
other categoriesof vertices– there is a distinguishedvertex called the Entry vertex; for eachvariable
x that is usedbeforebeing defined,there is a vertex labeled x := Initialstate(x). The Entry vertex is
treatedas a predicatevertex (that is always true).

The edgesof a PDG aredivided into control dependenceedgesanddata dependenceedges.There
are two kinds of datadependenceedges:flow and def-order dependenceedges.

The sourceof a control dependenceedgeis alwaysa predicatevertex. Thereis a control edgefrom
a predicatevertex u to a vertexv if v representsa programcomponentthat is immediatelynestedwithin
the control constructwhosepredicateis representedby u. The control dependenceedgeis labeledby
the truth value of the branchin which v occurs.

Thereis a flow dependenceedgefrom vertex � � to vertex ��� , denotedby � �	��� ��� , if � � defines
a variable  and ��� usesthe variable  and control can reach ��� after � � via an executionpath along
which there is no interveningdefinition of  .†

Thereis a def-order dependenceedgefrom vertex � � to ��� if f all of the following conditionshold:
both � � and ��� definethe samevariable; � � and ��� are in the samebranchof any conditionalstatement
that enclosesboth of them; thereexistsa programcomponent��! suchthat � � � � ��! and � � � � ��! ;
and � � appearsto the left of ��� in the program’sabstractsyntaxtree. A def-orderedgefrom � � to ���
is denotedby � �"��#�$&%('�)+* ��� .

Figure 3 showsa programand its programdependencegraph.

If , is a programits PDG is denotedby -/. .

Definition: A PDG - . is feasible if thereexistsa program , that correspondsto it; it is infeasible
otherwise.
† The flow dependenceedgesare further classified as loop-carriedand loop-indeependent.This classificationis not significant for the
purposesof this paperandis omitted.
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program
x := 5
y := 5
a := 1
while a < 5 do

x := x + y
y := x - y
a := a +1

end
end(x,y,a)

x := 5 y := 5 a := 1 while a < 5

ENTRY

finaluse(x) finaluse(y) finaluse(a)

a := a + 1y := x - yx := x + y

Figure3 Programdependencegraphof a sampleprogram.The control edgesarerepresentedby boldfacearrows.The truth
valuesof theseedgesis not shownto keepthegraphsimple. Loop-carriededgesarerepresentedby solidarrowswith ahashmark.
Loop-independentedgesarerepresentedby solid arrows.Def-orderedgesarerepresentedby solid arrowswith a circle mark.

Ottenstein & Ottenstein’s program slicing algorithm

Ottenstein& Ottenstein’s(O-O) definition of slice [OO84] differs from Weiser’s [Wei84] original
definitionof programslice. A programsliceaccordingto themis a setof programstatementsthatdirectly
or indirectly contributeto the computationperformedat someprogrampoint. This slicing criterion, or
parameterson which a programis to be sliced,accordingto this definition consistsof a statement.

TheO-O slicing algorithmoperateson theprogramdependencegraphrepresentationof theprogram
andhencemay be statedin termsof the graph(insteadof the program).For a vertex � of a PDG

���
,

the O-O slice of
���

with respectto � , written
������ � , is a graphcontainingall the verticeson which� has a transitiveflow or control dependence:�	� ���
�� ����������������	� ��� ����������� �!�#"%$&(' )*�+��,-� ��� �.�0/ ‡.,1� ������ �2�3��4�05�" &(' ) �����6,-� ��� �7�85:9;���<�	� ���
�� �2�./

= �>�05�"�?A@.BDCFE �G�6,-� ��� �7�85:9;�H90I6�J�K� ���L�� �2�./NM
RepsandYang[RY89] showthe following semanticpropertiesof programslicescomputedby O-O

algorithm.

1. (FeasibilityLemma). For any program O , if
�QP

is a slice of
���

then
�QP

is a feasiblePDG.
2. (Slicing Theorem).Let R bea slice of a program O with respectto a setof vertices.If S is a state

on which O halts,thenfor any state SKT that agreeswith U on all variablesfor which there are initial
definition verticesin V�W :

a. X halts on UKY
b. Z and X computethe samesequenceof valuesat eachprogrampoint of X , and
c. the final statesagreeon all variablesfor which there are final-useverticesin V�W .

‡ Ottenstein& Ottensteindid not expresstheslicing algorithmlike this. This formalizationwasdoneby Horwitz, Prins,andReps[HPR88a].
They defined [1\^]8_ `a>b�cedgf�h+i.h+jk[-\l]K_mc2nohqpHrsut vwbxjkyz\l]K_mc|{.} We believethis definition is not precisesincefor b to be includedin
the slice it requiresan edge bmp sut v bKj~yu\l] _ c .
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Horwitz, Prins,andRepsgeneralizedO-O’s slicing criterion � to consistof a setof statementsand
definedthe resultingslice by replacing � � V����� �	� by:

� � V � �� �	��
��	����� � � V � ��� � ������ ����� ��������! "$# % � ��& � V � �'�(�()
With this definition they showedthat: *+-, � V � �� � , ��. V � �� +/, � , .
We term the slicing criterion consistingof a singlestatementas unit slicing criterion.

Weiser’s program slice

Weiser’sslicing algorithmdiffers from Ottensteinand Ottenstein’sin two respects:

1. its slicing criterion consistsof a 2–tuple,<statement,variable>, and

2. it performs incrementaldataand control flow analysisof the programto detectthe statementsin
the slice.

The implication of the first differenceis that the set of slicing criterion on which a programmay be
sliced using Weiser’s algorithm is the cross-productof the set of statementsand the set of variables
in the program. This set is larger than the set of statements,the set of unit slicing criterion for O-O
slicing algorithm.

TheseconddifferencemakesWeiser’sslicing algorithmcomputationallymoreexpensivethanO-O’s.
This is becausethePDGof a programcanbecomputedusinga constantnumberof passesof theprogram
whereas the numberof passesof the programrequiredby Weiser’salgorithm dependson the nesting
depthof the statementon which the slice is performed.

Agrawal andHorgan [AH90] haveobservedthat a program’sslice usingWeiser’sslicing criterion,
say <n,var>, and PDG representationmay be performedby “by finding all reachingdefinitionsof var
at noden and traversingthe programdependencegraphat thesenodes”. The statementsin the set of
verticesvisited during the traversalconstitutethe desiredslices.

The abovestatement,thoughnot quite precise,gives the gist of the relationship. It may be stated
more precisely as:

Definition: Let P be a program,n and x be a statementand a variable, respectively,in P, and 0�1
be its PDG:243 5

< 687(9 > : 2<;5>=
where if 9@?!AB6	C	D�6FE>GIH8CKJ/DL6	E then

=NM�O 6	P
else

=QM�O�RTSVU 9W?XH8CTJ-D RTS EZY RTS ?\[	H�DL6	E'P .
We call this algorithmmodifiedWeiser’salgorithm. Sincea PDGdoesnot representtherelationships

use, def, and rd, a programslice cannotbe definedcompletelyin termsof the programrepresentation
when using a PDG. In order to be able to do so we definean extendedPDG in Section5 as a PDG
extendedto contain theserelations.

Weiseralsoextendedhis slicing criterion to allow setof variablesinsteadof a singlevariable. This
can be incorporatedin the abovedefinition appropriately.Weisershowedthat for a setof variables] ,^G-_	`	a 2�3 5 < 6b7c9 > Md2�3 5

< 6b7'] > .
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Program integration problem

Definition[HPR88a,RY89]: Informally, integrationof programs
�

and � with respectto program ���86TC
is the program � such that � preservesthe:

a. changesin the meaningof
�

with respectto ���86KC ,
b. changesin meaningof � with respectto ���86TC , and
c. similarity in the meaningsof both

�
and � with respectto ���86KC .

This may be statedmore formally as follows.

Definition [RY89]: A program � is the integration of programs
�

and � , two variantsof a program
���86TC if for any initial state � on which

�
, � , and ���86KC all halt, (1) � halts on � , (2) if 9 is a variable

on which the final statesof
�

and ���86KC disagree,thenthe final stateof � agreeswith the final stateof�
on 9 , (3) if � is a variableon which thefinal statesof � and ��� 6TC disagree,thenthefinal stateof �

agreeswith thefinal stateof � on � , and(4) if � is a variableon whichthefinal stateof
�

, � , and ��� 6TC
agree, thenthe final stateof � agreeswith the final stateof ���86TC on � .
Definition: Two programs

�
and � interfere with respectto ���86TC if theredoesnot exist a program

that integratesthe two.

TheHPRandReps’program integrationalgorithmsoperateon PDGrepresentationof theprograms.
A schematicview of their functioning is shown in Figure 1. They first createPDGs for the operand
programs,integratethe PDGsusing their respectivealgorithms,and createa programcorrespondingto
the resulting PDG.

HPR program integration algorithm

The HPR programintegrationalgorithm implementsthe following expression.

0
	 M DL0�� ;5 � 2 �� �������cE ^G DL0�� ;5 � 2 �� �������cE ^G>D�0
������� ;5 2�2 �������� �� � E
where

� 2 a� ��������: O�R U R ?�� D�0 a�E Y D�0
������� ;5>R E �M D�0 a ;5 R E(P and2�2 �������� a� ! : O�R U�R ?"� D�0 ������� E Y D�0 ������� ;5 R E M D�0 a ;5 R E M D�0 ! ;5>R E(P .
The program � correspondingto the PDG 0�	 , if it exists, is the integrationof programs

�
and

� with respectto ���86KC , if
�

and � are non-interfering.

Informally,
� 2 a� ������� is thesetof affectedpoints, thesetof statementsof program] whosemeaning

is differentfrom that in ��� 6TC and
2�2 �������� a� ! is the setof preservedpoints, or the statementsof ��� 6TC

that have the samemeaningin ���86KC , ] , and # .

That the changedmeaningsof programs
�

and � is preservedin 0 	 is ensuredif
�

and �
do not interfere. The two programsdo not interfere if 1) 0
	 ; 5Z2�2 �$ ������� M 0
� ; 5 � 2 �$ ������� and
0
	 ;5 � 2 �� ������� M 0�� ;5 � 2 �� ������� and 2) 0
	 is a feasiblePDG. Thesetwo testsfor interferenceare
referredto by Horwitz et. al. Type I and Type II interferencetests,respectively.

RepsandYang [RY89] provedthat the HPR algorithmintegratesnon-interferingprograms.

For the sakeof brevity we do not presentReps’programintegrationalgorithm[Rep90]. In Section
6 we statehow this algorithmmay be generalizedto operateover directedgraphs.
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4 Unreachable subgraphs and graph slices

This sectiondefinesgraphslicesand somepropertiesof slicesof a graph.

The subgraph 0 � is unreachablefrom the rest of 0 , or simply 0 � is unreachablesubgraph,if��� D = ��� = � E M�� , where
= � : =	� = � . Otherwise 0 � is reachable.

Theorem 4.1 Thesetof all unreachablesubgraphsof a graph is closedundervector intersectionand
union .

Proof:§ Let 0 M D = 7 � E , 0 � M D = � 7 � � E , and 0�
 M D = 
K7 � 
 E be directedgraphssuch that 0 � is an
unreachablesubgraph,(i.e.

= �� = ,
� � M���� D = � � = � E , ��� D = � � = � E M�� ) and 0 
 is anunreachable

subgraph,(i.e.
= 
 � = ,

� 
 M���� D = 
 � = 
 E , and
��� D = 
 � = 
TE M�� ).

We have to prove that a) 0 � ^G>0 
 is an unreachablesubgraph,(i.e.
= � G = 
 � =

,
� � G � 
 M��� D = � G = 
 E � D = � G = 
 E , and

��� D = � G = 
 E � D = � G = 
 E M�� )

and b) 0 � ^� 0 
 is an unreachablesubgraph,(i.e.
= � � = 
 � = ,

� � ��� 
 M���� D = � � = 
 E � D = � � = 
 E ,
and

��� D = � � = 
 E � D = � � = 
TE M�� ).

The resultsa) and b) are proved in the following discussionby proving eachof the individual
expressionsfor it asa subproof.Thesubproofsusethegivenassumptionsabout 0 � and 0 
 , settheoretic
deductions,andsometheoremsfrom set theorypresentedin the following subsection.

Subproof:
= � G = 
 � =

. []

Subproof:
� � G � 
 M���� D = � G = 
 E � D = � G = 
TE .� � G � 
M��	� D = ��� = � EZG ��� D = 
 � = 
TE .��� �!�#"%$'&)(*��(+"-,.&��/$�(+"0��&��1$(2"43/&5&��637(2"0�8&)(639�:";$�&)(<37�#"0��&��<37(+"5">=

?�@BA�CEDGF2HIDGJLK+MNCEDGF2HIDGJOKQP'CE@RA�CSDGFTPUDGJLK+M*CEDGJVPWDGFOKXHY@�A�CSDGJTPUDGFLK+M*CEDGFVPWDGJOKXK
[Subproof: Z6[ &�\%]^38\`_a"G�b&)\L_Y38\c]X"d,Ne and Z6[ &)\f_Y3/\c]X"d�9&)\c]^3/\f_g"d,*e .
Zh[ &)\ ] 36\ _ "i�<&)\ _ 36\ ] " .�639(*j (lk5�m3/(hj1�+kn(ojIp�q!rhj Z ,6(*��rojmp�� Zj Zh[ \ _ �b\ _ . .,ReY=

The other expressionis symmetric].

?�@�A*CEDGF!H*DGJsKMtCEDGFuHoDGJOK . []

Subproof: @	A DGF2HmDGJ�MvCSDGFwH DGJLK9?�x
@�A D F HmD J MRCED F HoD J K
� ��&)(1$�r#"y,h&�����(2"z$'&����{r#"

?�@�AWC|C DGF2HmDGJ9MWDGFOKXH}C DGF2HIDGJ�MWDGJLK|K .�m$!(hj �
~ @�AWC|C D F M�D F KXH}C D J M�D J K|K .
?�@	AUC DGF�M�DGFOK+H*@�A*C DGJ9MWDGJLK .
?�x� [].

Subproof: DGF!A*DGJ ~ D . []

§ Most assertionsin this paperareprovenusingcalculationalstyleproof procedure,[Gri91]. Hints for justificationof proof stepsarewritten
in smaller font and are underlined too. For the sakeof brevity, hints for stepsthat may be derivedeither from definitions or from obviousset
theoreticformulationshavebeenomitted.
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v4 v5
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v1

v2

v3

v4

G/v4

v1

v2

v3

v5

G/v5

v1

v2

v3

G/v2 & G/v3

v1

G/v1

Figure 4 A graph and its slices at different vertices.

Subproof:
�����������	�
���������������������������

.� � ��� ���
�������� � �� � ���������� � �� � �

. ! #"%$&"('*)+ -,�$&,�'/.0 #"1)2,3'4$5 #"6)2,3'87 '
�������� � �� � �2�9�� � �: � �

. []

Subproof:
���  � �� � �;�� � �� � �1�=<

���  � �� � �>�� � �� � �
.�������  ��?  � �2���� � �: � �

. ! #"1@&,�'A$+B%.� #"%$&B('C@+ -,�$5B('!'
�D���E�  � �;�� � �� � �F� ? �����  � �G�� � �� � �H�

. #"�$5 -,6)�B('A.� #"%$&,3'I)+ #"%$&B('!'
�J�K���  � �� � �(���  � �� � � ? �K���  � �� � �(���  � �� � �

.�L< �
[]

Definition: Let M be the setof all unreachablesubgraphsof a graph N with partial order O definedas:P/QHRTS M , P O R&U�P3V� R � P (or equivalently, P O R5UWPXV? R � R ). Also PZY[R&U\P O R3]^P�_� R .
Corollary:

� M Q V? Q V�(� is a lattice. Its leastelementis the emptygraph, ` , and the greatestelementis N .

Definition: N+a is an unreachablesubgraphof b with respectto a vertexset c if b&d�e[b and c5f�g�h�b+dji .
It is a minimal unreachablesubgraphwith respectto c if it is sucha subgraphwith minimal numberof
vertices,i.e. if kIb dldnm b dld e�b and cof�gph�b dld i then qrgph�b d i&qtsuqrgph�b dld iTq ||. The notation buvwc is usedto
denotethe minimal unreachablesubgraphof b wrt c andis referredto asa graphslice of b over c .

We next presentsomepropertiesof graphslices. Their proofs are quite straight forward and are
left to the reader.

Definition: x�y�z1{DxE|Jz�v}g�h�xri . x is said to be a slice of z .
Reps[Rep90]definesan analogousoperatorto relatetwo programs,whereoneprogramis the slice

of another.

|| ~H�&~ denotesthe cardinality(or size)of the set � .

11
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Lemma 4.2 x m z ��� , x9y	z��	x>eDz .
Proof: Exercise. []

Therefore y also definesa partial order on
�

.

Theorem 4.3 The graphslice buvwc may be computedas follows:

gph�buvwc i+|����;q	� � c�
�hFkIc��������� c�� ��� h�buiHi��� h�buv}c}i |������ � q	� m � � g�h�buvwc i�� ���!� �"� h�bui#�
Proof: Exercise. []

Lemma 4.4 There is a uniquegraph slice with respectto a setof vertices.

Proof: Exercise. []

Lemma 4.5 Everyunreachablesubgraphis a graph slice oversomesetof vertices.

Proof: Exercise. []

Lemma 4.6 buv%$�� c&� | '( � buvwc&� .
Proof: Exercise. []

Here are some interesting‘fix-point’ propertiesof graph slices statedwithout proof; ‘fix-point’
becauseequations1 and 2 have the form b d |*) h�b d i and the equality in equation3 has the form
) h,+ m bui^|-) h.+ m b d i .
Lemma 4.7 Let b d |=b v}c .
1. b+d | b+d#v}c .
2. b+dT| buvwgph�b+d i .
3. + � g�h�b d i/� buv�+ | b d v�+ .
Proof: Exercise. []

5 Modelling program slicing using graph slicing

We now modelthe O-O andWeiser’sslicing algorithmsin termsof graphslices. To do so we first
notethat the programdependencegraphsandthe extendeddependencegraphsarenot directedgraphsor
multigraphs;insteada PDGis a hypergraph[Ber89] while anextendedPDGis a7–tupleasdefinedbelow.

Modelling O-O slicing algorithm

Definition: A abstractPDG is a 3–tuple< 0 m#16m#2 > , where 1 f�043 and 2 f5076 with the constraints
that: if h,�98 m � 3 m � 6 i � 2 then h.�98 m � 6 i � 1 and h.� 3 m � 6 i � 1 . Notice that the tuple < 0 m:1 > is a directed
graph.

The set 0 abovecorrespondsto the set of vertices, 1 to the setof flow andcontrol edges,and 2
to the def-orderedgesof a PDG. The constraintover elementsof 2 specifiesthe conditionthat if there
existsa def-orderedge�98;��<>=#?A@#B�C�D9E in thePDGof a programthenthereexist flow-edgesD9F;G�H�D9I and
D9EJGKHLDMI in it. This definitionby no meanscompletelymodelsa PDG sinceit doesnot model the types

12
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associatedto verticesandedges.Thesetypesarenot necessarysincethey arenot usedby O-O slicing
algorithm to identify the verticesbelongingto a slice.

The O-O slicing algorithmmay be modelledin termsof graphslicesas follows.

Definition: If
�����

< ���	�
��� > is anabstractPDGand
����

< ����� > then
����������

< �  �	�  ���  > such
that � ��������� ����� , � ��! "���� ���#� � �%$&�  E , and � �� �'$(�  I .

It is clear from the constructionthat < �  ���  > is a directedgraphand that � *) �  I . To establish
that

� � ����
is a PDG we only needto prove the additionalconstrainton � .

Lemma 5.1 In the definitionaboveif
� D F � D E � D I �,+ �  then

� D F � D I �-+ �  and
� D E � D I �-+ �  .

Proof:
� D9F�� D9E.� DMI �(+ � �/� D F � D E � D I ��+ �0$ � � �1 � �1 �  ��2� D9F�� D9E3� DMI �4+ � and D9F�� D9E3�:DMI + � 

(definition of abstract PDG)5 � D9E.� DMI �6+ � and
� D9F�� DMI �7+ � and D9F�� D9E.� DMI + � �8� D9E�� DMI �6+ �9$ � �  1 �  � and

� D9F�� DMI �6+ �9$ � �  1 �  ��/� D9E.� DMI �4+ �  and
� D9F.� DMI �4+ �  . :<;

We now prove that the union of O-O slice is the sameas the slice over the union of their slicing
criterion. This has earlier beenprovedby Repsand Yang [RY89]. They useddeductivereasoningto
establishtheir proofs. In contrastour proof proceduresthroughoutthe paperhavecalculationalstyle.
Theseproofsare“better” accordingGries[Gri91], a proponentof this style becausethey areshorterand
easyto internalizesincethey directly showthe assertionbeingestablishedby symbolmanipulation.

Theorem 5.2
� � ��=� F?>@ � � ��=� E �A� � �� � � F @ � E ��B

Proof: Let
� � �

< �����C��� > ,
� � � ��� F � < � F��D�JFE��� F > ,

� � � �*� E � < � EE���JE.��� E > , and
� � � � � � F @� E � � < � F#E.���JF#EE��� F#E > . From definition of graphslicing and the model of O-O programslicing above

we know that: � F#E � � F @ � E and � F>E � � F @ � E . We only haveto prove that � F#E � � F @ � E .
� F @ � E�F� �G$H� IF � @ � �A$H� IE �) �I$ � � F @ � E � I
We now prove that �/$ � � F @ � E � I ) � �/$J� IF � @ � �K$L� IE � i.e. if

� D F � D E � D I �M+ � F>E then� D9F�� D9E.� DMI �(+ � F @ � E .� D9F�� D9E3� DMI �(+ � F#E�/� D9F�� D9E.� DMI �N+ �0$ � � F @ � E � I�2� D9F3� D9E�� DMI ��+ �NO � D9F�� D9E3� DMI ��+ � � F @ � E �5 � D9F�� D9E3� DMI ��+ �8O � DMI + � FQP DMI + � E �RTS�UWVYX[Z]\_^Y`Yab\c`edfRTSDghU6ijXTdf`WUWijXDg andkcl	mDnolTp	nflTqDr�s�t,mupwv]kcl	mTnflTp	nolDqDrhs6tHvxkcl�mTnolDqDrysWz
{�kclTp	nflTqDrhs6z
|~}������	�3���	�3�.�,���������.�W�(������}��������.�.�,�(������}����.���.�����(���3�h�����.�6�(������}����3���.�����(������}��������.�.�,�

� � �
z mw� z4��� m*� � m noz p�� z
��� p=� � p

13



February 24, 1993

| }�� � ��� � �	� � �7� �8� }�� � ��� � ��� � �M� � �&� � ��� � ��� � �M� � �
� }�� � ��� � ��� � �7� ���&� �� �H}�� � ��� � ��� � �7� ���&� ��
� }�� � ��� � ��� � �W��� � �&}�� � ��� � ��� � �6� � � � }�� � ��� � �	� � ��� � ��� � � . ���

Modelling modified Weiser’s slicing algorithm

Definition: An abstractextendedPDG is a 7–tuple < � ���
�o�����
	���������?������Y����� > where < ���	�
�o� >
is an abstract PDG and ��	����(� ��� and ����� � �&� �H�!	�� , �"��#� ���H��	�� , ����"�9��� ��	�� ,
and ��	�� � }��"$� � ���$#�&% � .

In the following discussion we denote the 7–tuple constructed above as ��' and ( })�*'=�,+ < ���	�C��� > .

The set �
	-� denotes the set of variables in the program. The sets �"$�h�$����Y� and ��� relate to the
def, use, and reachingdefinitionsof the program as follows:

}.�Y�0/��N�]�"$� iff / �1����j})�#� ,}.�Y��/y�4�2���$ iff / �435���}.��� , and}.� � ��� � �6/��7�7��� iff � � �8��� })� � �=�9/ �7��$�[})� � � .
Further, the set of variables in ��	�� is the sameas the set :.;=<�>&?�@*A�<�B�C�D .
The definition of abstractextendedPDG containsall the constraintsinvolved in the constructionof

a PDG andthe setof relations,exceptfor the typesassociatedto the verticesandedgesof the PDG.To
model the extendedWeiser’sslicing algorithmwe definean auxilliary function as follows.

Definition: EF:HGFI�J0KLJ.MNBPOQ:)KSR�M#TF:);"<�>U?�@�A�<�BVCXWYB$?F:[Z\R
:.K4R�M8]�;"<�>U?�@�A�<�B�TVG_^`BaCXW . Whenever
G�I canbe determinedunambiguoslyfrom the contextthe function is simply statedas E�:)KLJbM\B .

This function is equivalentto the if-then-else expressionin the definition of modified Weiser’s
slicing algorithm of Section3.

Lemma 5.3 A$W�cdE�:)eXA�D�f-Jge$hifjB if f :0:.hkcLlmA�<n:)A�D�Bo?!^-<�>P:.A$DnB0B-p!A�W�q8A�D�B�rs:6ta:.hdcdl5A$<n:)A�D�Bo?!^�<$>u:)A�D�BvBop
A�WNc1w�^`:)A�D�Bxpyh1c1^�<$>u:)A�W�B0B
Proof: Exercise.

Definition: G�I{z | < AjJ6h > O < Z�}~J0�
}�J�;�}�J�Z���w�}�J�;"<�>m}~J$@�A$<Y}�J�G_^j} > suchthat:

< Z } J�� } J�; } > q��5:)G*I{B��|{EF:veXAnf-J�e�h�f�B ,
;"<�> } q�;"<�>9T\:)Z } R�Zs��w�B ,
@�A$< } q�@�A�<
TN:.Z } R�Z��-w�B ,
Z���w } q�:);"<�> } ?�@�A�< } B=C D , and
G_^j}�q�G�^"Ty:.Z!}aR�Z
}aR�Z
��w�}�B .

Lemma 5.4 G�I{z | < AjJvh > asdefinedaboveis an abstractextendedPDG for theprogramrepresentedby
the abstractPDG �5:)G I B��|{E�:0eXAnf-JgeXhifjB .
Proof: Hint: Feasibility Theorem of [RY89] and construction. ���

This implies that �5:)G�I,z | < ��J6h > B�q��m:.G�IUBa�|{EF:veX�uf-JgeXhifjB .
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We would now investigatehow unionof Weiser’sslice relatesto the unionof their slicing criterion.
To do so we first extendthe definition of slice aboveto take a slicing criterion consistingof a 2–tuple
consistingof a set of statementsand a set of variables.#

Definition: The slice G�Iaz | < � J0M > is definedby replacing E�:0eXAnf-JgeXhifjB by EF: � J0M\B in the previous
definition.

Lemma 5.5 If K�W_q K�D or M"W�q7M=D then EF:)K�WgJ0M"WgB,?&EF:)K�DYJbM"DgBVq E�:)K�Wa?kK�D�J0M"W�J0M=DYB .
Proof: Exercise.Hint: If K�W�q8K D or M"W�q#M=D then K�WVR"M=W�?sK D R"M"D�q4:.K�W,?�K�D�B,Rd:[M=Wu?sM"DgB . ���
Definition: An abstractextendedPDG is feasible if there exists a program that correspondsto it;
otherwiseit is infeasible.

Theorem 5.6 ��G�I J�K W$J0M"W$J�K DgJ0M=D suchthat G�I{z | < K�W$JvM=W > �?4G�I{z | < K D�J.M=D > is not a feasible ab-
stract extendedPDG.

Proof: Hint: A PDG is adequateto representprograms[HPR88b]. Thus the programrepresentedby
the union of abstractextendedPDGsshouldbe the sameas that due to the union of the abstractPDGs
containedin them. But the union of setscorrespondingto the reachingdefinitions in G I z | < K W JvM W >
�?#G�I{z | < K�D$JvM=D > may not be the sameas the correspondingset in the abstractextendedPDG for the
programrepresentedby �m:.G�I,z | < K�W�J0M"W > B��?#�5:)G�I,z | < K�D�J0M"D > B . � �

Due to the aboveresult it is not worth investigatingthe union of abstractextendedPDGsresulting
from modifiedWeiser’sslice. But from the point of view of programslicing the abstractextendedPDG
generatedfrom slicing is not important,but the programrepresentedby it is. This programis, as just
stated,representedby theabstractPDGcontainedin theabstractextendedPDG’s. Thefollowing theorem
thenstatestheconstraintsunderwhich a programslicegeneratedby theunionof Weiser’sslicing criteria
is the sameas that due to the union of the independentslices.

Theorem 5.7 If K�W&q�K�D or M=W&q M"D then
�5:)G I z | < K W JvM W > B �?y�5:)G I z | < K D JvM D > B�q��5:)G I z | < K W ?dK D J0M W ?&M D > B .

Proof: �5:)G�I,z | < K�W�J0M"W > B �?8�5:)G*I{z | < K�D�J.M"D > B
q �5:)G I B��|{EF:.K W JbM W B��?4�5:.G I B��|{EF:.K D J0M D B

Theorem 5.2

q �m:.G�IaBU�|U:.EF:)K�W�JbM"WYBU?9EF:)K�D�J0M=D6BvB
���	�
�������������� �

Lemma 5.5
�������! #"%$&�'��)(+*!,-(+.0/213*�,41�.5"
�����6�! 87 & < (+*!,4(9.:/;13*�,<13. > ">=@?
This result may be stated as: For any program A if (9*>�B(+. or 1�*>�C1�. then A 7 & < (+*:/613* > D,

A 7 & < ( . /21 . > � A 7 & < ( * ,E( . /;1 * ,F1 . > . The analogous assertion Wieser [Wei84] makes may be
stated as: A 7 & < (G/213* > D, A 7 & < (G/61�. > � A 7 & < (G/;1�*�,
1�. > . Our theorem therefore proves a more
general assertion.

# Note that Weiser extended his slicing criterion only to allow set of variables and not set of statements. Our extension is thus more general
than that of Weiser.
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Figure 5 Example of integratinggraph variants. A is created from Base by deleting vertex ��� and edges incident upon it.; B
by adding a new vertex ��� and the edge �����	��
 . Thesechangesarepreservedin A[Base]B.

B

v1

v2

v3

v4 v5

v6

v1

v2

v3

v4 v5

Base

v4 v5

v1

v2

v3

A’

Figure6 Exampleof interferinggraphvariants.A’ is createdby removingthe edge �������� from Base. B by addingthe
vertex ��� andthe edge ����	��� . The two variantsinterfereandhencecannotbe integrated.

6 Graph-theoretic foundations of integration

HPR Integration theorem

Theprevioussectiondefined thenotion of graph-sliceasa parallelto programslice. We would now
seewhat the HPR integrationalgorithmdoesif it operateson graphs(insteadof PDGs)andusesgraph
slicing insteadof programslicing. We call this abstract HPR integration algorithm.

Definition (Abstract HPR integration algorithm): Let � and
�

two graphsthat are variations of
� ����� .

Graph � , the integrationof � and
�

is definedas follows:

�������! "�$#&%(' )*%,+.-�/102 � �  "��#&)3' )*%�+4-�/502 � � �6�$�7 8#5#&)*%�+4-9' %�' ):/ , where:

��#!; ' )*%�+4-=<?>A@CBED ��FG/IHJ� � �6���" @ /LK����FM @ /�N and
#5# )*%�+4-.' ; ' OP<Q>"@RBSD � � �6���"/THU� � �6�$�7 @ /V�W�.FG @ /V�X�4YZ @ /:N .

The two graphsdo not interfere if �[ A��# %(' )*%�+4- �\�! "��# %(' )*%8+3- and �[ A��# )3' )*%�+4- � �  "��# )3' )*%�+4- .
Note that the Type II interference(relatedto feasibility of PDG) can not be translatedto directed

graphssince thereare no constraintson their structure.
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In the restof this sectionthe symbols ����� , ����� , and ��� areusedasshorthandfor �����
	 ������ , ������	 ������� ,
and ��� �������	 �
	 � , respectively,asdefinedabove.The symbols � , � , � , and � ����� havethe samedefinitions
as above.

Figure5 givesanexampleof graphintegrationandFigure6 of variationsof graphsin which changes
interfere. Their discussionis included in the caption itself.

Theorem 6.1 (Structural integration theorem). If graphs � and � do not ‘interfere’ with respectto
� ����� then

1. ��� ��������� � ����� ,
2. ��� ��� � � ��� ��� � , and
3. ��� ����� � ����� � ��� .

Proof: The first two clausesfollow from the definition of non-interference.The third clauseis proved
in Lemma 6.1.4. �! 
Definition: Henceforththe symbols����� and ����� areusedto definethe following �����#"%$'&(� � ������)�*+�����
and �����,"-$.& ��� ������)/*0����� .

Thefollowing lemmadefinessomepropertiesof thesymbolsdefinedabove.Theyarestatedwithout
proof.

Lemma 6.1.1

1. $'& � ����� � ���')1�2$.&�� � ���')3�4$'& ��� ���')3�5��� .
2. ��� �36 ���0�87:9����� 6 ���0�87 .
3. � � ��� � � � ����� � ��� � 9 ��� ��� � � � ����� � ��� � .
4. $'&(� � ������),�;������9$.& ��� ������)<�=����� .
5. ���>�2����� 6 ����� .
6. �����?*@���0AB�����C9������D*@����AB����� .
Proof: Exercise. �E 
Lemma 6.1.2 F 6 $'&HG � �I)#�J7LK=M
&�G.) 6 FON $'&�G � �P)Q�R7 .

Proof: Exercise. �E 
Lemma 6.1.3 $.& � )S�2��� �UT ��� � T ��� andM
& � )?�2MC&��V) 6XW ����YZU[]\H^�^ ZS_@` ^ ZPa [<^�^�bZ�c

[ed
\gf aeh]ij` ^ bk [X\H^�^ k _l` ^ k a [<^�^ bk c
[md
\(f `on�pIaqh ^�^ b .

Proof: r \�s at r \u\ `�vj` ^ Z aIw[x\(f vP` ^ k a�w[x\(f `�n�pPv ^�^ ayat r \ `zvP` ^ Z a [ r \(f vj` ^ k a [ r \(f `on�pIv ^�^ at \ ` ^ Z [{^�^ ZPa [X\ ` ^ k [<^�^ k a [{^�^
|�|�}�~U|�|��<��|�����||P��~Q|�|�����|P}C��|�|Q��|�|j}��D|�|j�

t ` ^ Z [ ` ^ k [{^�^ .
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d
\(s a
t dC\u\ `Vvj` ^ Z�a w[x\(f vP` ^ k a w[ \(f `on�pIv ^�^ aya
t dC\ `Vvj` ^ Z a [ dC\�f vj` ^ k a [Xd
\(f `�n�pPv ^�^ a
t d
\ `zamh \ ` ^ Z [ ^�^ Z a b [�d
\(f a'h \ ` ^ k [ ^�^ k a b [md
\(f `on�pIamh ^�^ b
t d
\ `VaehXiP` ^�bZ [<^�^�bZ [ ` ^ Z�_ ^�^ Z [<^�^ Z�_l` ^ Z c

[:d
\(f aehXiP` ^ bk [<^�^ bk [ ` ^ k _ ^�^ k [<^�^ k _@` ^ k c
[:d
\(f `�n�pPa/h ^�^ b
����� ����|�|P}���� |�|j}��
	 � |�|j}�����|P} ��������������Q��������� � . Symmetricallyfor � .

t dC\ `Vaeh@ij` ^ bZU[X\ ^�^ Z _l` ^ ZPa [{^�^ bZIc
[:d
\(f aeh@ij` ^ bk [l\ ^�^ k _l` ^ k a [{^�^ bk c
[:d
\(f `�n�pPa/h ^�^ b .

Lemma 6.1.4 s v ^�^ t f `on�pIv ^�^ .

Proof: From definition ^�^�� r \�s v ^�^ a .
If ^�^ �t r \(s v ^�^ a then !#"%$�" �t'& $�" h ^�^ t'& such that r \�s v ^�^ a t ^�^ [ " then from Lemma

6.1.2 d
\(s aeh " _ ^�^(�t)& . We will show that *+",$�" h ^�^ t-& , d
\(s aeh " _ ^�^ t-& implying thereby
that r \(s v ^�^ a t ^�^ .d
\(s axh�i " _ ^�^.c

t d
\ `VaehXiP` ^ bZ [X\ ^�^ Z _l` ^ Z a [ ^�^ bZ c h i " _ ^�^.c[:d
\(f aehXiP` ^ bk [X\ ^�^ k _l` ^ k a [<^�^ bk
c hxi " _ ^�^'c[:d
\(f `�n�pPaxh ^�^ b hxi " _ ^�^.c
t d
\ `Va�h+i \ ` ^ Zqh " aq_ \ ` ^ Z h ^�^ a [x\H^�^ Z h " a _ \ ` ^ Zqh ^�^ a [ \H^�^ Z h " a _ \H^�^ Zqh ^�^ a c[:d
\(f a'h i \ ` ^ k h " aD_ \ ` ^ k h ^�^ a [ \ ^�^ k h " a _ \ ` ^ k h ^�^ a [+\ ^�^ k h " a _ \ ^�^ k h ^�^ a c[:d
\(f `�n�pPaxh \H^�^ h " aQ_ \ ^�^ h ^�^ a c
|�|D�/.D�0������|j}��/|�| �1������| � �q|�| ������||P}��/|| � � |�|

t dC\ `Vaxh@i \ ^�^ Z h " aQ_ ^�^.c[:d
\(f aDhli \H^�^ k h " aQ_ ^�^.c
. �/|| �0�32 |�| } �4. �/|�| �1��� ��� ����|�|5�.��|�|427698���8.�/||�������: � ������8<; |�| �1� ) Symmetricallyfor � .

t=&
> r \�s v ^�^ a t r \(f `on�pIv ^�^ a t ^�^ .

Now we show that d
\(s v ^�^ a t d
\(f `�n�pPamh ^�^ b t d
\(f `�n�pPv ^�^ a .d
\(s v ^�^ a
t d
\ `Va hXij` ^�bZU[]\H^�^ Z _l` ^ ZIa [<^�^�bZIc h ^�^�b

[:d
\(f aehXiP` ^ bk [X\H^�^ k _�` ^ k a [<^�^ bk c h ^�^ b
[:d
\(f `�n�pPa/h ^�^ b h ^�^ b

t d
\ `zamh i \ ` ^ Z�h ^�^ a b [ \ ^�^ Z�h ^�^ a _ \ ` ^ Z h ^�^ a [�\ ^�^ Z h ^�^ a b
c
[:d
\(f amh i \ ` ^ k h ^�^ a b [ \ ^�^ k h ^�^ a _ \ ` ^ k h ^�^ a [ \H^�^ k h ^�^ a b c
[:d
\(f `�n�pPa/h ^�^ b c
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��|P}��D|�|Q��� �g��|P�z�/|| �0����||P}��/||P�.��||
t d
\ `Vaeh ^�^ b [�d
\(f amh ^�^ b [Xd
\(f `�n�pPaeh ^�^ b
����||�� � ��|�| � � ��������||

t d
\�f `�n�pIaxh ^�^ b . ���

Reps’ integration algorithm

Reps[Rep90]studiesalgebraicpropertiesof programintegrationoperation,suchaswhetherthereare
laws of associativityanddistributivity. For instance,associativityin the contextof programintegration
meansthat “if threevariantsof a programareintegratedby meansof two-variantintegrations,the same
resultis producedno matterwhich two variantsareintegratedfirst”. To investigatesuchproperties,Reps
formulatesthe HPR integrationalgorithmasan operationin a Brouwerian algebra constructedfrom sets
of dependencegraphs.A Brouwerianalgebrais a distributivelatticewith anoperatioǹ��� f characterized
by `��� f
	�� if f ` 	�f��� . In this algebrahe definesthe programintegrationoperationsolely in terms
of  $�� , and �� operations.

Just as for HPR integration algorithm, one can abstractReps’ integration algorithm for graph
integration by simply replacing ‘program’ and ‘program dependencegraph’ by ‘directed graph’ and
‘slice’ by ‘graph slice’ in Reps’description.This is to say that onecanconstructa Brouwerianalgebra
from setsof directedgraphsas well.

Sincethe abstractedalgorithmreads the sameasthe original algorithm,but for the useof different
terms,we do not expandon it further. We leaveit to the readerto validateour claims.

7 Semantics of graph slicing and integration

The graph slicing and integration algorithms developedabstractedvarious program slicing and
integration algorithms without concernfor any interpretationassociatedto the graph. Since we do
neitherrequireany constraintson the structureof the directedgraphsnor on the contentsof its vertexor
edgeswe cannot associateany interpretationto it that may beanalogousto interpretationsof programs.

Onemay howevernotethat the graphintegrationoperationis definedusinggraphslicing andother
graph-theoreticoperations.We thereforestudythe meaningof the resultof integrationin termsof some
abstract interpretation and the slicing operation.

An interpretation,broadly speaking,is a mappingof elementsof domainof study to a domainof
interpretation.

Definition: Let � be the domainof graphs, � be the domainof verticesusedin constructingelements
of � . Let � be the domainof interpretationwith an equality function � . Let ����������� �!� be an
interpretationof verticesin elementsof � . We denote�#"%$'&�( to bethe interpretationof )+*,� and &-*.� � .

We will show that if the interpretation � satisfiesthe following slicing axioms then the semantic
integrationtheorem, statedahead,is also be satisfied,irrespectiveof the specific interpretationand the
structureof domain � .
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Axiom 7.1 (Slicingaxiom) � "%$ &�(-� � " ��� $ &�( . ���
Corollary : (Slicing corollary) )�� &	��
�� &� �#"%$'& ( � ��� $'& ( . ���
Definition: The interpretationof a graph ) with respectto the graph 
 is said to be similar at vertex
set � if the interpretationof ) at � is the sameas the interpretationof 
 at � i.e. � "%$�� ( � ��� $�� ( ;
otherwiseit is changedor different.

Definition: ������� "���������� *! $ ) (#"$ $�
 (&%+� "%$�� (�� ��� $'� ('( , the setof verticesof graph ) and 
 with
similar interpretations.

Definition: )�� ��� " �� $'
 (�*+�,� �-� " , the setof verticesof graph 
 whoseinterpretationsin 
 and ) are
different.

Theorem 7.2 (SemanticIntegrationtheorem)Let . bethegraphresultingfrom a successfulintegration
of graphs/ and 0 with respectto graph 12/ &43 andlet � bean interpretationof thesegraphs.If � satisfies
the slicing axiom then . preservesthe:

changesin interpretationof / with respectto 0-/ &43 , i.e.
�65�$')���7�� 897 ��: (
� � 7 $�)���7-� 897 �;: ( ,

changesin interpretationof 0 with respectto 0-/ &<3 , i.e.
� 5 $�)=� 8>� 897 �;: ( � � 8 $')�� 8>� 897 �>: ( ,

similarity in interpretationsof / , 0 , and 0�/ &<3 , i.e.
� 5 $ &4? ( � � 7 $'&<? ( � � 8 $'&<? ( , where &4?@�A�B� 7�� 897 �>: "!�,� 8>� 897 �>: .

Proof: Followsfrom Theorem6.1 (theStructuralIntegrationTheorem),slicing axiom,andthe following
observations.

/<C�7D�E)���7-� 897 �;: ,
/<C�8F�G)���8>� 897 �>: , and
CHCI�J�B� 7�� 897 �>: "��B� 8>� 897 �>: .

where /<C�7 , /<C�8 , and CKC as definedin the previoussection. �L�

8 Related Works

Venkatesh[Ven91]performsananalogousstudyof semanticsof varioustypesof programslices.He
classifiesthe resultof variousslicing algorithmsalongthreedimensions:staticvs. dynamic,forward vs.
backward,andclosurevs. executable.The staticanddynamicslicesareasdefinedin Section2.

A forward slicesis the setof statementswhosevalueswould be affectedby the valuesof a variable
at the beginningof a program. A backward slice is the set of statementsthat affect the value of a
variableat the end of a program. A closure slice is the set of statementsrelatedto a variablethrough
a closureof somedependence.The setmay neitherform a syntacticallyvalid programnor preservethe
behaviorof theoriginal programat thestatementsin theslice. An executableon theotherhandshouldbe
syntacticallyvalid aswell aspreservethe behaviorof theprogramat thestatementsenclosedin theslice.

In this paperthe algorithmswe model generatestatic backwardexecutableslices. Forwardslicing
algorithmsasin [Bin91] typically performtransitiveclosureof all outgoingedgesin a graph.This canbe
modelledeitherby a) reversingthe directionof the edgesin a graphandperforminggraphslicing or b)
by defininga dualof unreachablesubgraph– a subgraphthatcannotreachany vertexin its complement.
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The dynamicslicing algorithmsof Korel and Laski [KL88] and Agrawal and Horgan [AH90] are
adaptationsof static slicing algorithmsof Weiser’s [Wei84] and Ottensteinand Ottenstein’s[OO84],
respectively.Korel andLaski adaptWeiser’salgorithmby performingincrementalflow analysison the
‘trace’ of a program’sexecution,wherea traceis the sequenceof statementsrepresentingthe execution
of the programfor a given input. An analogousadaptationof our modified Weiser’salgorithmmay be
performedto model their algorithm.

AgrawalandHorganadaptO-O slicing algorithmby defininga notionof ReducedDynamicProgram
DependenceGraphandthe programtrace. A dynamicslice of a programat somestatementp for some
input is the set of statementsthat reachp in the correspondingReducedDynamic DependenceGraph.
Agrawal andHorgan’sslicing methodcanthereforebe modelledusingour graph-theoreticframework.

The notion of closureand executableslice is relatedto the syntaxand semanticsof the program
associatedto a slice of a graph representation. The syntactic validity correspondsto the notion of
feasibility- is therea programfor which graphslice is a representation.This notion as well as that of
semanticsis outsidethe scopeof the abstractionperformedby a graph.

9 Conclusions

In this paperwe develop the graph theoretic foundationsof algorithms for programslicing and
programintegration.This is acheivedby abstractingOttenstein& Ottenstein’s(O-O) [OO84]andWeiser’s
[Wei84] programslicing algorithmsand Horwitz, Prins,& Reps’ (HPR) [HPR88a]and Reps’ [Rep90]
programintegrationalgorithmsas operatingon directedgraphsinsteadof programdependencegraphs.
The benefitsfrom the generalizationaresummarizedbelow andelaboratedupon later.

1. It providesa simpler platform to investigatealgebraicpropertiessuchas intersectionand union of
slices.

2. It provides a uniform framework to model different program slicing algorithms and investigate
propertiesof their sliceswithout concernfor the underlyingrepresentationor programsemantics.

3. It classifiespropertiesof programslicesandprogramintegrationinto structuralandsemanticcategory:
the first of which may be provedby graph-theoreticreasoningitself.

4. It makesHPRandReps’integrationalgorithmstransparentof theunderlyingprogramrepresentation
andoutlinesthe requirementsfor otherrepresentationsto bequalifiedfor usewith thesealgorithms,
see Figure 2.

5. The graphintegrationalgorithmcan be usedto integrateversionsof any artifact (not just program)
that may be abstractedasgraphsand the meaningof the resultingartifact can be derivedfrom the
meaningpreservedby a slice in this representation,seeFigure 2.

The first benefit canbe seenfrom our discussionsin Section4 and6. Thesesections,respectively,
introducethenotionsof graphslicing andgraphintegrationwithout mentioninganythingaboutprograms
or their representations.They presentalgorithms to perform the respectivefunctions and establish
propertiesof their resultsindependentof any programof its representation.

Section5 modelsO-O andWeiser’sslicingalgorithmsusinggraphslicing. TheO-Oslicingalgorithm
is modelledusinggraphslicing andmathematicalmodelof programdependencegraph.Weiser’sslicing
algorithm is modelledin termsof O-O slicing algorithm and an extendedPDG representation– PDG
extendedwith three other programrelationships.
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This modelling has the benefit that propertiesof Weiser’s slice and O-O slices can be compared
mathematically.To do so we first generalizeWeiser’sslicing criterion – <statement,set_of_variables>
to. <set_of_statement,set_of_variables> and derive the following results:

1. The set of all O-O slicesof a programforms a lattice with vector union,
��
, as the meetoperator

andvector intersection,
�" , asthe join operator.The setof all Weiser’sslice doesnot form a lattice

with theseoperators.
2. We generalizeWeiser’s assertionthat:� � < ��� ��� > �� � � < ��� �
	 > � � � < ��� ��� � ��	 >

i.e. unionof slicesperformedon the samestatementover differentvariablesis the sameasthe slice
performedon that statementsover the union of thesevariables,
to:

� � < ����� �� > �� � � < ��	�� �	 > � � � < ��� � ��	�� �� � ��	 > if ��� ����	 or ����� �	
i.e. union of slicesperformedon a set of statementsand a set of variableis the sameas the slice
performedon a union of thesestatementsover the union of thesevariables,if either set of the
statementsare identical or set of the variablesare identical.

Section6 abstractsHPR integrationalgorithmover directedgraphs.Sincethe algorithm is defined
primarily usingprogramslicing andset-theoreticoperationsits abstractionoverdirectedgraphis straight-
forward. Horwitz, Prins,andRepshavedefinedthe meaningof the operandsof integrationandits result
using the operationalsemanticsof proceduralprograms.

We define the relationshipbetweenthe operandsand resultsof integrationas two separaterela-
tionships. The first is a structuralintegrationtheoremwhich definesrelationshipsbetweenslicesof the
operandsand resultsof integrationover different setsof verticesrepresentingchangedand preserved
behavior. The secondis a semanticintegrationtheoremwhich definesthe relationshipbetween‘mean-
ings’ of theseprogramsusing an abstractinterpretation. It saysthat if the interpretationassociatedto
a graphsatisfiesa slicing axiom (statedinside) then the result of integrationwill satisfy the semantic
graph integration theorem.

This implies that HPR slicing andintegrationalgorithmscanbe usedwith graphrepresentationsfor
programsother than PDGs for which the slicing axiom hold. A candidatefor such a replacementis
Yang’s programrepresentationgraph [Yan90].

RestatingHPR’s integrationtheoremby abstractingthespecific representation(PDG)andinterpreta-
tion (operationalsemantics)hasthebenefitthatthis algorithmmaynowbeusedfor integratingversionsof
anyartifactthatmayberepresentedasgraph.Further,for everyinterpretationassociatedto this graphthat
satisfiestheslicingaxiomonecanderivethemeaningof theresultusingthesemanticintegrationtheorem.
Sincegraphnotationssuchasdata-flowdiagrams,ER-diagrams,structurecharts,state-transitiondiagrams
areprevalentin representingspecificationsanddesigns[Pre87] it implies that onecould potentiallyuse
the abstractHPR integrationalgorithm for integrating‘non-interfering’ versionsof specificationsand
designsaswell. Its usehoweveris subjectto associatinginterpretationsto thesenotationsthat would a)
satisfy the slicing axiom andb) capturethe intuitive or formal meaningwe associateto thesenotations.
Exploring theseis beyondthe scopeof this paper.
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