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Abstract
We presentflow analysismodelsfor dependencegraphbasedalgorithmsfor (a) computingprogramslicesand

(b) computingsummaryinformation neededfor slicing. Our modelsbenefitstypical of declarativespecification.
First, theyshowthatalgorithmsfor solvingflow analysisproblemsmaybeappliedto computingslicesandsummary
information. Second,they make it explicit that SDG-basedalgorithmspresentedin the literatureare essentially
instancesof the well-known worklist algorithm for solving flow analysisproblems. Third, the models, being
declarative,conciselyexpresswhat is being computed,insteadof focussingon how it is being computed. The
modelsare more concisethan the algorithmsandprovide a formal foundationfor comparingdifferentalgorithms
for thesameproblem.Third, with theexistenceof toolsto generateanalyzersfrom flow models,our modelsremove
the necessityto presentalgorithms.As a demonstration,we presentflow analysismodel for a new interprocedural
slicing algorithm that combinesthe computationof summaryinformation and the computationof slice. That the
new algorithm is equivalentto previousalgorithmscan be demonstratedby showing that their flow modelsare
isomorphic.

Index Terms: Programslicing, flow analysismodels,worklist algorithm,systemdependencegraph.

1 Introduction
A slice of a programwith respectto a programpoint p consistsof all statementsof the programthat might

affect the behaviorof the programobservedat p; the programpoint p is said to be the slicing criterion*. The
problemof computingslicesof a programhasreceivedconsiderableattentionover the last two decadesbecauseof
its applicabilityin systemgeneration,debugging,verifying requirements[32], programintegration[13], restructuring
[17, 22, 23], testing[10], programcomprehension[6, 11], andreuse[5]. The interestandsignificanceof program
slicing is further outlined by the existenceof threesurveypapers[4, 16, 30] on the subjectand a recentspecial
issue [12].

Programslicing algorithmsmay also be classifiedas follows [4, 16, 30]:

1. Dataflow equation based—influencedby Weiser’s model of a program slice as a solution of data flow
equations.

2. Graph reachability based—influenced by Ottenstein& Ottenstein’smodel of the problem as a graph-
reachabilityproblem [25].

3. Information flow relation based—BergerettiandCarŕe’smodelof aslicein termsof informationflow relations
derivedfrom a programusing a syntax-directedapproach[2].

4. Denotational semanticsbased—influencedby theuseof denotationalsemanticsto expressprogramanalyzers
[31].

* This definition is slightly different from the original definition of programslice introducedby Weiser[33].
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In all, but thegraph-reachabilitybasedapproaches,whatconstitutesaprogramslicemaybemodelleddeclaratively as
a systemof equations(moregenerally,inequations).Thesolutionof theseequationsconstitutesa slice. Algorithms
for solvingtheseequations,beingknownaspartof a largerbodyof work, arethereforenot alwaysdiscussed,except
to enumeratethe methodof finding the solution. In contrast,the graph-reachabilitybasedslicing algorithmsare
presentedoperationally, as traversalof programor systemdependencegraph(SDG) [14, 28]. The problembeing
modelledasa graph-reachabilityproblem,researchersprovide(a) algorithmsfor constructingthe necessarygraphs
and (b) algorithmsfor traversingthe graphto identify the statementsbelongingto a slice.

In this paper,we presentdeclarative models[24] for severalgraph-reachabilitybasedslicing algorithms. In
our modelsthe underlyinggraphreachabilityproblemis specifiedasa setof constraints.Theseconstraintssatisfy
the conditionsof monotoneflow analysisframeworkand henceare termedflow models. Unlike monotoneflow
modelsfor problemslike reachingdefinitionsor constantpropagationswhich aredevelopedon a control flow graph
(CFG), our flow analysismodelsuse SDG.

The constructionof a SDG requiressolving the reachingdefinition problem using CFG, a problem whose
flow analysismodelsmay be found in the literature[24]. It alsorequirescomputingcertainsummaryinformation
whosecomputationhasbeenpresentedin the literaturealgorithmically [14, 28]. We presentflow modelsfor the
computationof summaryinformation as well.

Our flow analysismodelsof programslicing and summaryinformation offer the following benefits,typical
of declarativespecification:

1. The modelsmakeit explicit that algorithmsfor solving flow analysisproblemsaredirectly applicableto the
problemof computingprogramslices.More generally,the modelsshowthatgraph-reachabilityproblemsmay
be mappedto flow analysisproblems.This is the converseof Reps,Horwitz, andSagiv’sfinding that certain
classesof flow analysisproblemsmay be mappedto the graph-reachabilityproblem[27].

2. The modelsmakeit explicit that the known SDG-basedslicing algorithmsare specialcasesof the worklist
algorithmsfor solving flow analysisproblems[14, 28]. Besidesthe worklist algorithm,thereareseveralother
algorithmsfor solving suchproblems,suchasalgorithmsusingstronglyconnectedcomponents,or specialized
algorithmswhentheunderlyinggraphis reducible,andGaussianeliminationalgorithms[24]. The advantages
or disadvantagesof using theseotherflow analysisalgorithmsfor programslicing hasnot beeninvestigated
and may be worthy of further research.

3. Themodelsenableconcisedescriptionof differentslicing algorithmsandprovidea formal foundationto prove
their equivalence.For instance,we presentflow analysismodelof a new interproceduralslicing algorithmthat
computessummaryedgesat the sametime that a slice is computed.Sincethe computationof the summary
edgesdominatesthe cost of interproceduralslicing, computing this information only if it is neededmay
offer computationalspeedup especiallyif slicing is performedin an environmentwherethe programmay be
changing. That the new algorithm is equivalentto previousalgorithmscan be demonstratedby proving that
the modelsfor the two algorithmsare isomorphic.

4. Therealreadyexists at leastone tool, the ProgramAnalyzer Generator(PAG), that given a flow model of
a problemcan automaticallygeneratea programthat solvesthat problem[24]. Thus, having developedthe
models,the task of developingthe algorithm becomesroutine.

The rest of the paperis organizedas follows. Section2 summarizesthe programand systemdependence
graphs,andalsogivesa quick overviewof flow analysismodelsandthe worklist algorithmto solvethem. Section
3 gives flow analysismodelsof severalintraproceduraland interproceduralslicing problem. It also gives models
for computationof summaryedges,a type of edge in the systemdependencegraph, and a model for a new
interproceduralslicing algorithm. Section4 concludesthe paper. Somecommonly useddefinitions neededfor
this paperare presentedin Appendix A. Proof of equivalenceof modelsof two interproceduralslicing algorithm
is presentedin Appendix B.

2 Preliminaries
This sectionpresentssomebackgroundknowledgeneededfor the restof the paper.Thenextsubsectiongives

an overviewof programandsystemdependencegraph. It is followed by a subsectionon flow analysismodels.
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Dependence graphs A systemdependencegraph(SDG) [14] encodesthe data,control, andcall dependence
relationsbetweenstatements* of a programin a simpleprocedurallanguageconsistingof assignment,if-then-else,
while-do, procedurecall, entry, and return statements.The parametersto a procedurecall are simple variables
passedby value-reference.Thereis a specialproceduremain from which executionis initiated.

A SDG consistsof a collection of proceduredependencegraphs(PDG) (a variation of programdependence
graph[19, 25]). Thereis onePDGperprocedurein theprogramencodingthecontrolanddatadependencerelations
within the procedure.Thesegraphscontainverticesrepresentingcall-sites andprocedureentry points. The SDG
hascall edges connectingthe call-sitesin a PDG to the entry point in the PDG of the procedurecalledat that site.

For eachcall-site, a PDG also containstwo verticesfor every actual parameterin the procedurecall. An
actual-in vertex to representthe transferof valueof the actualparameterto an intermediatevariableusedto send
the input to the procedure.An actual-out vertex to representtransferof the final value of the parameterfrom an
intermediatevariable to the actual parameter.

Analogously,every formal parameterof a procedureis representedin a PDG by two vertices. A formal-in
vertex representingthe transferof value to the formal parameterfrom the intermediatevariable assignedto in
the actual-in vertex. A formal-out vertex representingthe transferof value from the formal parameterto the
intermediatevariableusedat the actual-out vertex.

Thepairsof intermediatevariablesusedto communicatethe initial andfinal valuesof a parameterto/from the
procedureentry areunique. A SDG containstwo typesof edges,parameter-in andparameter-out, to representthe
datadependencebetweenthe actual-in to formal-in and formal-out to actual-out vertices.

Sincethereis onePDGperprocedurein a SDG,theactual-in(actual-out)verticesfor thesameparameterfrom
different calls to the sameprocedureare dependedupon by (dependon) the sameformal-in (formal-out) vertex.
The SDG also containsedgesbetweenthe actualparameterverticesof the sameprocedurecall and betweenthe
formal parameterverticesat the procedureentry. Theseedges,termedsummary edges, summarizethe dependence
betweenthe argumentsof the procedurecall as a result of executingthe procedure.

Domain model for SDG We introducea collectionof domainsto representthe nodesandedgesof a SDG.
ThedomainN denotesthesetof all nodesof a SDG.Theelementsof this domainarepartitionedinto the following
subsets:

FormalIn: the set of all formal-in nodesand entry nodes.
FormalOut: the set of all formal-out nodes.
ActualIn: the set of all actual-in nodesand call-site nodes.
ActualOut: the set of all actual-out nodes.
Other: the set of nodesnot in any of the abovesubsets†.

We usethe samedomainto representformal-in nodesand entry nodesbecausethesenodesrequireidentical
treatmentfor theproblembeingstudied.Thesameholdsfor actual-in nodesandcall-site nodes.Thecorrespondence
betweenthe ActualIn nodes and FormalIn nodes, similarly ActualOut nodesFormalOut nodes, is
importantin specifyingthe models. The following functionsprovidethe necessarymappings.
���

ActualIn � FormalIn
���

ActualOut � FormalOut
� �

ActualIn � FormalOut � ActualOut

Theunction
�

is polymorphic. It mapsanActualIn nodeto thecorrespondingFormalIn nodeof theprocedure
called,andan ActualOut nodeto the correspondingFormalOut node. An entry nodeis consideredto be the
FormalIn nodecorrespondingto an ActualIn representinga call-site.

* It alsohasanotherdependencerelationcalledthedef-orderdependencewhich is not relevantfor slicing. This relationis thereforeignored
in this paper.
† For the presentationof this paperwe do needto separatelyclassifyothernodes.They areimplicitly classifieddueto the classificationof
edges.

3



July 27, 1999

The function
�

mapsa FormalOut nodeto its correspondingActualOut nodeat the call site containing
the ActualIn.

Theabovefunctionsarebasedon theassumptionthateachcall-sitecalls a uniqueprocedure.This assumption
is violated when a languagehasprocedure-valuedvariables. In suchcase,the co-domainof function � may be
modified to be a setof eitherFormalIn or FormalOut nodes.Correspondingchangeswould be neededin the
usageof this function too.

The domainE denotesthe set of all edgesof a SDG. Its elementsare further partitionedinto the following
subsets:

Intra: Control and flow edgesbetweenverticesof the samePDG.
Summary: Edgesfrom ActualIn nodesto ActualOut nodesrepresentingthe dependencecreateddue
to a procedurecall.
Call: Call andparameter-inedgesfrom ActualIn nodesto FormalIn nodes.
Return: Parameter-outedgesfrom FormalOut nodesto ActualOut nodes.

We use the following notation to simply the presentation.

Notation: Let �������
	 . Then ��������
��� is definedas ����������������� �"!��$#%�'& .

Flow analysis models We now presentan overview of flow analysismodels for programanalysis. The
descriptionhasbeensimplified to capturethe conceptsnecessaryto presentmodelsof programslicing algorithms.
More generaldescriptionof flow analysismodelsmay be found elsewhere[24]. Definitionsof termsusedbelow
are presentedin Appendix A.

A flow analysismodel containsthe following components:

1. ( : A semanticdomain, a completelattice satisfyingthe ascendingchaincondition.
2. )*�+��,.-0/1� : A directedgraph,where , is a set of nodesrepresentingstatements(or computationalunits)

and /+23,54., is a setof edgesrepresentingsomesemanticrelationbetweentwo computationalunits‡.
3. A set of equationsspecifyingthe analysis. The equationsare usually recursiveand may be abstractedas:

�"687:9<;:=?>@="�A�8�@�B687�9C;D=:>@=�� , where �B687�9C;D=E>@=F�,G�H( , i.e., �"687:9<;I=�>J= associatesto everycomputationalunit
a value from the set ( , the semanticdomain. The equationsare further constrainedin that the analysisof a
computationalunit is describedonly in termsof its successorin the directedgraph ) ,K 6ML �"687:9<;I=�>J=��N68�O�P��Q��JRS�T-�RU�WV �"687:9<;I=�>J=��N;X�Y!Z�N6M-0;I�O#[/]\ .

Notation: The expressionV^�_!M`O�N�X�@\ denotesa sequenceof elementssatisfying `O�N�X� . Every use of a specific
expressionV^�a!M`O��� �N\ denotesthe samesequence.

The leastfixed point of the set of equationsis usually the desiredsolution,which may be computedby the
worklist algorithm in Figure 1. That the algorithm computesthe desiredanalysisis guaranteedif function � is
monotone.

The systemof equationsin which the analysisat a nodeis definedas a function of its successorsis called
a backward flow model. Such equationsare suitable for describingthe backward slicing problem, the context
of the discussion.A forward flow model is constructedwhen the analysisat a nodeis definedas a function of
its predecessors.The woklist algorithm may trivially be adaptedto solve forward flow modelsby replacingall
instancesof the expression���b-0;I�c#%/ by ��;-0� �c#%/ . Thus,the ideaspresentedin the paperareequallyapplicable
to the forward slicing problem.

As is done in the next section,an analysismay sometimesbe specifiedas a set of inequations,insteadof
equations,such as:

�"687�9C;I=�>J=��N�X�edgf�h
...

‡ Flow analysismodelsare mostcommonlyusedwith the control flow graphrepresentationof a program,which imposesadditionalpath
constraints.Theseconstraintsarenot necessaryfor usingthe worklist algorithm[24].
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INPUT: A directedgraph(
�

, � ).

A systemof equations,�������
	�����������������������������! �"�����
	#��������	$�&%$�����'	#�)(*�,+ , -.�/( �

OUTPUT: Solutionfor the equations

METHOD: - - Initialization of Worklist and Solution

for all �0( � do

Solution[� ] := ��� ([ 1 , 1 , ...]);

if Solution[� ] 231 then

Worklist := Worklist 4 { � }

- - Iteration (update Worklist and Solution)

while Worklist 5��6 do

Removea node � from Worklist;

foreach 7 suchthat ( 7 , � ) (8� do

new := Solution[7 ] 98��: ( � ), Y = [Solution(	 ) | ��7��'	#�;(<� ]

if Solution[7 ] = new then

Solution[7 ] := new;

Worklist := Worklist 4 { 7 };

Figure 1 Worklist basedalgorithm for solving flow equations.

�"�����
	#��������7>�<?A@�B
whereall the constraintshavethe sameleft handside. The leastsolutionof this systemof inequationsis also the
leastsolution of �"���C�D	#��������7>�E��@FG9IHJH�H�9K@ B , [24, Chapter6]. Though,Nielson et al. give algorithmsto solvea
systemof inequations,we assumethat the inequationsmay be mappedto the equivalent(with respectto their least
solution)equationsandsolvedusingthe worklist algorithmof Figure1. We do so becausethe slicing algorithms
in the literatureare instancesof this worklist algorithm.

All thesystemof constraintswe presentsatisfytheconditionsrequiredto ensurethat their leastfixed point can
be computedby the worklist algorithm. Hencewe treatthe setof recursiveconstraintsto definethe corresponding
functions.

3 Flow analysis models for program slicing

Wenow presentflow analysismodelsfor programslicing. We startwith modelfor intraproceduralslicing, then
give modelsfor interproceduralslicing for Horwitz, Reps,andBinkley’s two passalgorithm [14] andLakhotia’s
onepassalgorithm[20]. That a worklist algorithmfor a flow model is equivalentto the graphreachabilitybased
algorithm it modelsmay be determinedby instantiatingthe worklist algorithm. We presentsuchan instantiation
for flow modelsof intraproceduralslicing. Algorithm for interproceduralmodelsmay be instantiatedsimilarly.

That suchflow modelsmay be developedfor problemsother thanslicing is demonstratedby giving the flow
modelsfor computingsummaryedges. Though theseedgesare helpful in computinga slice, as part of system
dependencegraphthey arealsohelpful for otheralgorithmsbasedon SDG [3, 21]. The worklist algorithmfor our
modelsfor summaryedgecomputationis computationallyequivalent,in solution and computationalcomplexity,
to the fast algorithm of Repset al. [28].
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INPUT: A directedgraph(
�����

).

A systemof equations,���	��
��������� , asdescribedin text
With slicing criteria �

OUTPUT: Solutionfor the equations

METHOD: - - Initialization of Worklist and Solution

for all ��� � do

Solution[� ] := if ����� then � else � ;

if Solution[� ] = �
Worklist := Worklist � { � };

- - Iteration (update Worklist and Solution)

while Worklist ���� do

Removea node � from Worklist;

foreach  suchthat (  , � ) � � do

new := �
if Solution[ ] ! new then

Solution[ ] := new;

Worklist := Worklist � {  };

Figure2 Worklist basedintraproceduralslicing algorithm. This algorithm is createdby specializing
the algorithm of Figure 1 by the constraintsfor intraproceduralslicing.

Intraprocedural slicing The following inequationsgive a flow model for intraproceduralslicing.

Domain: " � �$# � � �&% , where �$'(�
Constraints: �)�*��
� �$+ �-, " �
���.��
�� � �/ 0�21 346587:9 Intra

���.�	
� � ��;<�
���.��
���=�/ 0�21>� �  ?�@�

where � is the slicing criterion. In the aboveconstraintsthat a nodeis in the slice is representedby associating
to the value � to that node. According to the constraintsa node  is in the slice (1) if any of its successoris in
the slice or (2) if it is in the slicing criterion � .

Theworklist algorithmof Figure1 wheninstantiatedfor theabovesemanticdomainandconstraintsyields the
algorithmin Figure2, which is the samealgorithmas that proposedby Ottenstein& Ottenstein[25].A node  is
in theslice if on terminationof thealgorithmSolution[  ] is � , the leastfixed point solutionof theconstraints.

Computing Interprocedural slices An interproceduralslicing algorithm basedon reachabilityover the
systemdependencegraphwas first proposedby Horwitz, Reps,and Binkley [14]. This algorithm computesthe
slice in two passes.In the first passthe Return edgesare excludedfrom traversaland in the secondpassthe
Call edgesare excluded. This two passtraversalensuresthat information from a call site is not inadvertently
propagatedto anothercall site of the sameprocedure.

Figure 3 (a) gives the flow model for the slicing algorithm of Horwitz, Reps,andBinkley’s algorithm [14].
Horwitz et al.’s two-passalgorithm solvesthe constraintsfor �)�*��
�BADC in the first passand the constraintsfor
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	��
in the secondpass. The constraintsmay be readas follows. The first pass,

���������	��
, identifiesa node

to be in the slice if either it is in the slicing criterion or if any of its Intra,
�������������

, or Call successoris
in the slice. The secondpass,

�������� 	��
, identifies a nodeto be in the slice if either it was identified to be in the

slice in first passor if any of its Intra,
�������� ���

, or Return successoris in the slice. Thus, node ! is in
the slice if

�������� 	��#" !%$ is equalto & . Eachpassof Horwitz et al.’s slicing algorithmis essentiallyan instanceof
the Worklist algorithm of Figure 1.

The two setsof constraintscan also be solvedin one passby solving them simultaneously.Lakhotia’s one
passalgorithm doesessentiallythat [20]. But it solvesthe constraintsof Figure3 (b). According to this model a
node ! is in the slice iff

���������' " !�$ is eitherequalto & or ( . The constraintsstatethat a nodeis in the slice with
value(not lessthan) & if it is in the slicing criterion. Otherwise,a nodeis in the slice if its Intra or

������������
successoris, and the node takesat least the samevalue as its successors.A node is also in the slice if any of
its Call successorsis in slice with the value & . The function ) ensuresthat if a nodeis not placedin slice if
the valueat its Call successoris ( . A nodemay also be in the slice if any of its Return successoris in slice.
In suchcase,the function * ensuresthat the nodegetsatleastthe value ( irrespectiveof the value at the Call
successor.In the leastfixed point solution a nodeis assignedthe smallestvalue that is greaterthan or equal to
the valuesneededto satisfy all the constraints.

That, Lakhotia’salgorithmis equivalentto Horwitz et al.’s algorithmcanbe determinedby showingthat the
two modelsare isomorphic,as formulatedbelow:

Definition: + 	-, + 	.�0/ + 	��
and

�������� 	21�354 + 	
, suchthat

�������� 	6" !�$ ,7" �8�9����� 	.��" !�$�: �8�9����� 	���" !�$;$ .
Lemma:

�������� 	
and

�������� '
are isomorphic.

Proof: In Appendix B.

Computing summary information We now presentflow constraintsfor computingsummaryedgesof a
SDG. The constraintsarewritten in a form that enumeratestheir correspondencewith Repset al.’s fast algorithm
for computingsummaryedges[28].

Constraints: < �>=@?�ACB�D�� 1�3E4
2FormalOut

< �>=@?�A�BFD�� " !�$HGJI�!LK�:@!NM FormalOut

< �>=@?�A�BFD�� " !�$HG OP�QSR�T Intra
< �>=@?�ACBUD�� " � $

< �>=@?�A�BFD�� " !�$HG OP�QSR�T Call
< �>=@?�ACBUD ��V W " !�$ " < �>=@?�A�BFD�� " � $X$ZY

Constraints:
�������� ����ACBUD � 1

ActualIn
4

2ActualOut������������ " !�$ , W " !�$ " < �>=@?�ACBUD � "\[]" !�$;$^$
The constraintsfor < �>=@?�ACBUD��

statethe following. The < �>=@?�ACBUD �
function associatesa setof FormalOut

nodesto everynodein thegraph.ThataFormalOut node
�

is in < �>=@?�ACBUD � " !�$ implies that in theSDG(without
summaryedges)there is a realizable-pathfrom

�
to ! . A realizablepath is a path in which the call and return

edgesarepairedto representa valid executionpath. The constraintsmay be readasfollows. Thereis a realizable
path from every FormalOut node to itself. If there is an Intra edge ! 4 �

and there is a realizablepath
from

�
to a FormalOut node _ then thereis a realizablepath from node ! to node _ . If thereis a Call edge! 4 �
(so

�
is implicitly a FormalIn node) to a FormalOut node _ then there is realizablepath from ! to

everynodein < �>=@?�A�BFD�� " W " !�$ " _U$;$ , wherethe expression
W " !�$ " _F$ givesthe actual-outnodecorrespondingto the

formal out node _ at the call-site containing ! .

The
������������

function associatesa set of ActualOut nodes to every ActualIn nodes. That an
ActualOut node

�
is in

�8����������� " !�$ implies that thereis a reachablepathfrom theActualIn node ! to the
ActualOut node

�
. Thoughnot expressedas such,the constraintessentiallysaysthat

�
is in

������������ " !�$ if
there is a reachablepath from

[]" !�$ to
[]" � $ .
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Domain:
�����������
	�����������

, where
����

Domain:
�������������������

, where
����� ���

Constraints: !#"%$'&)( ���+*-,/.0���
�
!#"1$'&)( ����24365�7 89;:=<�> Intra

!#"1$%&?( �
�@24A@5
!#"1$'&)( ��� 24365�7 8<�>-B-CEDFD
G�H�<;IJ9�K !#"1$%&?( �
� 24A-5
!#"1$'&)( ��� 24365�7 89�:=<L> Call

!#"1$'&)( ��� 2MA-5
!#"1$'&)( ��� 24365�7 �N� 3PO !

Constraints: !#"1$%&?( ��	 *-,/.0� ��	
!#"1$'&)( ��	 24365�7 89�:=<L> Intra

!#"1$%&?( ��	 24A@5
!#"1$'&)( ��	@24365�7 8<�>-B-C�DFD�G�H�<;IJ9�K !#"1$%&?( ��	Q24A-5
!#"1$'&)( ��	@24365�7 89�:=<L> Return

!#"1$%&?( ��	@2MA-5
!#"1$'&)( ��	 24365�7 !#"1$'&)( ��� 2M3R5

Constraints: !S"T$'&?( �U*-,/.0���
!#"1$%&?( �V24365�7 89�:=<L> Intra

!#"1$%&?( ��2�A-5
!#"1$%&?( � 24365�7 8<�>-B-C�DFD�G�H�<;IJ9�K !#"1$%&?( � 2MA-5
!#"1$%&?( �V24365�7�WYXZ 89�:=<L> Call

2 !S"T$'&?( ��2MA-5�5M[\

!#"1$%&?( � 24365�7�] XZ 89�:=<�> Return

2 !S"T$'&?( � 24A@5�5 [\
!#"1$%&?( � 24365�7 ��� 3PO !
^ *_� � .0� �` *-� � .a� �^ �����b.0�����cb.d������b.0���` �����b.e������b.e������b.0���

(a) (b)

Figure 3 Flow constraints for interprocedural slicing. The symbol f gUhEi gives the set of nodes in the
slicing criterion. (a) Flow model for Horwitz, Reps, and Binkley’s two pass algorithm
[14]. (b) Flow model for Lakhotia’s one pass algorithm [20].

The above j+kLl�m6n�o@pq( and !�rRsPstk_u A functions are represented in Reps et al.’s algorithmby binary relations
with the samename. We refer to Repset al.’s relationsas v=wLx�yRz�{@|_}?~ and �V���t�Pw����E~ . On terminationof the
respectivealgorithmson the sameinput thesestructureswill be relatedas follows:

Lemma: v�wLx�y6z�{@|q} ~d���-�M��� {-��� �����c� { � v�wLx�yRz�{-|_} �M� ��� and �#�R�P�tw_��� ~����-�M��� {_�;� �/���c� { ��#�R�P�tw_��� �M� ��� .
Proof: Left to the reader.

Computing summary information during slicing Horwitz et al.’s [14] and Repset al.’s [28] algo-
rithms computesummaryinformationexhaustively.Sincesummaryinformation is interproceduralits computation
canbe expensive,whethercomputedusingRepset al.’s fast algorithm,which is an instanceof the worklist algo-
rithm for previousflow constraints.Whenslicing is usedfor debugging,asalsofor otherapplicationsin a program
developmentenvironment,it may not be computationallyprudentto computethe summaryedgesexhaustively.It
may be preferredto computethe summaryinformation only if it is needed.

The following flow modelsfor interproceduralslicing combinesthecomputationof summaryinformationwith
thecomputationof slice. Thesummaryinformationis computedonly for thoseactual-outnodesthatarein theslice.

Domain: ��� ����� 2FormalOut �=� §,

suchthat ��� � FormalOut ¡ �£¢ � ¢�� , and �¤�L¥ � �E¦�� FormalOut ¡§�L¥ ¢ �E¦ if f ��¥��¨�;¦ .
§ ©�ª is a disjoint union of « , 2FormalOut, and ¬ . For the sake of brevity the constraints are written as though �® is a union of these
domains.

8
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Constraints:
���������
	��������	

�������
� 	�������� �
� �"!$# Intra

�������
� 	%�'&(�

�������
��	 ������� �
�)�"!)# Call

*+�'�,�-� ���������
	 ��&(�-�

�������
��	 ������� �
�)�"!)# Return

./�'�,�-� �0�1�����
	 �2&(�-�
�������
� 	���������3546�87 �

where
�

is the slicing criterion and* �
ActualIn

��� 	 �9� 	
*;:=<��?>A@)3=B� 42CDB� �0�1����� 	�� E��'�,�F�'C)�2�
4�G=B� G�H

. �
FormalOut

��� 	 �I� 	
.J:K<��L>M@N3=B� @)�OH�4PCQB� @N�?HR4-G;B� GSH
Theconstraintsfor

��������� 	
combinetheconstraintsfor

���������$T
and U�V)WPX,YSZ$[ � . This is reflectedin theelements

of domain
� 	

. This domainmay trivially be mappedto
�ST

, the domainof
����������T

, by mappingall non-emptyset
of FormalOut nodes

C
to \ . Besides,

C
alsorepresentselementsof the domainof U�V)WPX,YSZ][ � . Accordingto the

aboveconstraintsa node
�

is in the slice if
��������� �����

is either
3

or a non-emptysetof FormalOut nodes
C
.

The functions
*

and
.

arekey to understandingtheaboveconstraints.Thefunction
*

transformsinformation
flowing from a FormalIn node

&
to anActualIn node

�
. A

3
at a FormalIn nodeis propagatedasa

3
to

theActualIn node.However,a set
C
, representinga setof FormalOut nodes,reaching

&
is not propagatedto�

. Instead,the informationat ActualOut nodescorrespondingto the FormalOut nodes
C

is propagatedto
�
.

The function
.

transformsinformationflowing from anActualOut node
&

to a FormalOut node
�
. Whatever

information,except
G

, reachesan ActualOut node
&

the set
@N�?H

is propagatedto theFormalOut node
�
.

The following propositionrelatesthe constraintsfor
��������� T

and
�������
� 	

.

Proposition: ^ �_> ��������� T �����`:a3cb ��������� 	 �����`:a3
and

��������� T ������: \ bedfChg
FormalOut

>iCkj:mlon �0�1����� 	 �'�,��:
C
.

USV$WPX,YSZ][ � and
�������
� 	

are relatedas follows:

Proposition: ^ �_> ��������� 	 �'�,�S:=CDpqCrg U�V)WPX,YSZ][ � �'�,� .
The abovepropositionsmay be provedfollowing structuresimilar to the proof in Appendix B. The details

of the proof are left for the reader.

4 Related works
A detailedcomparisonwith literatureon interproceduralanalysismodels,problems,andalgorithmsis beyond

the scopeof paper.

Therehasbeena considerableamountof work on programslicing. Exhaustivesurveyof the literaturemay
be found in the reviewsby Binkley and Gallagher[4], and Kamkar [16], and Tip [30]. Basedon the taxonomy
usedin thesesurveysthe constraintswe haveprovidedare for static, backward slice. Our constraintscan trivially
be adaptedfor static, forward slice as well. The computationof dynamic forward and backwardslicing requires
different information,which too is usually representedasgraphs.But the dynamicslicing algorithmsarenot pure
graph reachabilityalgorithms[1, 18]. It may be worth investigatingif thesealgorithmscan be modelledusing
flow constraints.

Forgács and Gyimóthy have proposedan algorithm for computingsummaryedgesby taking advantageof
strongly connectedcomponentsin a call-graph[9]. Their improvementis analogousto improving the worklist
basedflow analysisalgorithmsusingstronglyconnectedcomponents[24]. The difference,however,is that a call

9
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graphis an abstractionof a systemdependencegraph. Thus, the SCC-worklistdoesnot directly map to Forgács
and Gyimóthy’s improvement.

Reps,Horwitz, and Sagiv have shown that a large classof interproceduraldataflow analysisproblemscan
be transformedto graph-reachabilityproblems[27]. They take a dataflowanalysisproblemwhosesolution is of
the form

����������	�
�	���������
, equivalently

����������	�
�	����������� �����"!����
, where

�
is the set of nodesof

the underlyinggraphand
�

is a finite set (suchas set of variables),and transformit to a problemof the form���������#	$
�	�%&'�)(*�+�,� ������!$���
. After transformationthe new graph has

��(*�
nodes. A node is assigned

a true value only if it can be reachedfrom the start node. Repset al. provide a compactrepresentationof the
flow function at eachnodewhich enablessolving the encodedproblem by computingall the nodesthat can be
reachedfrom a start node.

Repshas suggesteda methodfor transformingthe exhaustiveversion of summaryedgescomputationinto
an equivalentdemandproblemby applying the magic-settransformation[26]. Horwitz, Reps,and Sagiv’s have
proposeddynamic programmingbaseddemandalgorithm for computingsummaryinformation [15]. Our flow
constraintsfor computingsummaryedges,-'.0/1/ �32�� , satisfythe requirementsof Duesterwald,Gupta,andSoffa’s
framework for demand-driveninterproceduralanalysis[7]. Thus, a demandalgorithm for the problem follows
directly from their framework. Alternatively, the constraintsmay be solvedusingFecht& Siedl’s fast algorithm
to computesolutionson demand[8, 29].

The flow constraintswhereinthe computationof summaryedgesis combinedwith the computationof slice,
- ��
546!�7 , arenew. The worklist algorithmresultingfrom theseconstraintsis a contributionof this paper.

Binkley’s SDG basedinterproceduralconstantpropagationalgorithm[3] andLakhotia’sSDGbasedalgorithm
for constructingcall multigraph have also beenpresentedoperationally. The computationsperformedby these
algorithm may be abstractedas flow modelssimilar to thosepresentedhere.

5 Conclusions
In the literaturedependencegraphbasedprogramslicing algorithmshavebeenpresentedoperationally. This

papershowsthat thesealgorithmsareessentiallyinstancesof the classicworklist algorithmfor dataflow analysis.
This relationwaspreviouslynot obviousbecauseof the absenceof declarativemodelsof the underlyingproblem.
The flow analysismodelsfor programslicing we presentenumeratethis relationship.That theseflow relationsare
presentedon a dependencegraph,as againsta control flow graph,implies that flow modelsfor otherdependence
graph basedalgorithmscan be developedsimilarly.

The flow models we presentare a preferredexpressionof the underlying computationbecausethey are
declarative,they only expresswhat is beingcomputed.The constraintsrepresentedby the modelsmay be solved
using genericdataflowanalysisalgorithms. The slicing algorithmsin the literature haveso far are instancesof
only the worklist baseddataflow analysisalgorithm. Our modelsmake it explicit that other dataflow analysis
algorithms,suchas elimination-basedalgorithms,T1–T2 analysis,reduciblegraphbasedalgorithm, may also be
usedfor programslicing. Investigationof the advantagesanddisadvantagesof usingthesealgorithmsfor program
slicing may be worthy of further experimentalresearch.
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Appendix A
Definition: (

�����
) is apartially orderedsetif f

�
is a reflexive, transitive,andanti-symmetricbinaryrelationover

�
.

For conveniencewe statethat
�

is a partially orderedset wheneverthe relation
�

is obviousfrom context.
For a pair of elements��� , �	��
 � , the relation ��� � �� is readas ��� is lessthan or equal to �� , or conversely
�� is greater than or equal to ��� .
Definition: An element��
 � is an upperboundof a subset� of

�
if f � is greaterthanor equalto everyelement

of � . A element� is a leastupperboundof � if f it is an upperboundof � andis lessthanor equalto all other
upperboundsof � . The leastupperboundof a subset� of

�
is denotedby ��� , or � ��� � � when ������� � � � ��� .

Definition: An element ��
 � is a lower boundof a subset� of
�

if f � is lessthan or equalto every element
of � . It is a greatestlower boundof � if f it is a lower boundof � andis greaterthanor equalto all other lower
boundsof � . The greatestlower boundof a subset� of

�
is denotedby ����� or ����� ��� when �!������� � �� � .

A subset� of a partially orderedset
�

may not alwayshavea leastupperboundor a greatestlower bound,
but when they do exist they are unique.

Definition: A partially orderedset
�

is a completelattice if f all its subsetshaveleastupperboundsandgreatest
lower bounds. A completelattice has a least element,denoted " , and a greatestelement,denoted # , where
"$�%�'&(�)�*� � and #$�+�*�	&,�$� � .

Definition: A subset� of a partially orderedset
�

is a chain if f its elementscanbe totally orderedusing
�

.

Definition: A partially orderedset
�

satisfies the ascendingchaincondition if f everychain in
�

asa leastupper
bound in

�
.

Definition: A function -/.0�132 is monotonicif f for all 4 �65 
70 , 4 �98:5�; -=<>4@? �BA -C< 5 ? .
Definition: Let

�
be a completelattice. An element 4�
 � is a fixed point of a function -D. � 1 �

if f
-E<F4G?H�D4 . Let IKJL4C<>-@? denoteall the fixed points of the function - . Then �*�	IMJN4E<F-G? , denotedOP-QE<F-G? , gives the
least fixed point of - .
Tarski’sFixedPointTheorem: If

�
is a completelatticesatisfyingtheascendingchainconditionand -�. � 1 � is a

monotonefunctionthentheleastfixedpointof - existsandis definedas ����-�R6<>"K?BS�JUT(V � , where-WRU�X-UYW-=YCZ[Z\Z*YW- ,J times.

Appendix B
This appendixprovesthat the interproceduralslicing modelsin Figures3 (a) and (b) are isomorphic.

Definition:
��] � �M] �H^ �_] � and `UOPJ>acb ] .de1 �_]

, suchthat `UOPJLacb ] <F4G?��f<>`gOhJNacb ] ��<F4G? � `gOhJNacb ] �<F4G?6? .
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Lemma:
���������
	

and
����������

are isomorphic.

Proof: The proof follows by showingthat the constraintsfor
���������
	

can be transformedinto the constraintsfor��������� 
using fold/unfold equivalencepreservingtransformations.

Step 1. In the constraintsfor
��������� 	��

unfold the constraintsfor
��������� 	��

.�������
��	���������� ��! #"%$ Intra

���������
	&����'���( ��) *"%$ Intra

���������
	��+��'��
�������
��	���������� �"%$-,-.0/1/&2435"!67�)8 ���������
	&����'-�9( �"%$-,-.%/1/�2435"!6��%8 ���������
	����:'���������
��	���������� ��) *"%$ Call

���������
	&�%�;'-�
�������
��	���������� ��) *"%$ Return

���������
	��0��'��
�������
��	����������=<?>4�?@A�

Step 2. Unfold
�������
� 	B�

and
��������� 	C�

in the definition of
�������
� 	

.

�������
��	?�;�D���FEG ��% #"%$ Intra

���������
	&�%�5'��!> ��% #"%$ Intra

���������
	H����'���( ��) *"%$ Intra

����������	��+�;'-�JIK
�������
� 	 �;�D���FEG �"%$-,�.%/1/C243J"!6��)8 ��������� 	&� ��'-�0> �"%$-,�.%/L/�2435"06M�)8 ��������� 	&� ��'���( �"%$-,�.%/L/�2435"06��%8 ��������� 	C� ��'��5IK
�������
� 	 �;�D��� EG ��) *"%$ Call

��������� 	B� �;'-�0> ��) #"�$ Call

�������
� 	B� �;'-� IK
�������
��	?�;�D��� EGONH> ��% #"%$ Return

����������	��+�;'-�JIK
�������
� 	 �;�D���P�;<H>Q<#��>4�R@S�

Definition: TVUXW �5���O>4'-�5�?YZ�
and U0[V\ �J���O>Q'��5�HYZ'

.

Step 3: Fold
���������
	

in the aboveconstraints.�������
��	?�;�D��� ��) *"%$ Intra

���������
	R��'-�
�������
� 	 �;�D��� �"%$-,�.%/L/�2435"06��%8 �������
� 	 �;'-�
�������
��	?�;�D���^]�_a`b� TDUXW �5_-�0> T�UXW ��_-�4� EG ��% #"%$ Call

���������
	?�5'-� IK
�������
� 	 �;�D���^]�_a`b�;N�> U0[V\ �;_-�J�cEG ��% #"%$ Return

��������� 	 �;'-�JIK
�������
��	?�;�D���P�;<H>Q<#��>4�R@S�

Step 4. Although the domain d 	 has four values, the function
���������
	

can only map to three valuese �;<H>Q<#��>
��NH>4<#��>
��NH>QN#�Xf
, i.e, thefunctionnevergeneratesthevalue

��<H>QN#�
. Therefore,we canredefinethedomain
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���
to havethe said threevalueswith the following ordering �������
	����������	
���������	 . This redefinitiondoes

not causeany loss sinceit preservesthe orderingof elementsfrom the previousdefinition.

Step 5: The two lambdaexpressionsdefinefunctions in the space
� ��� � �

. Give namesto the two lambda
expressionand enumeratethe function graph.� ��������� ������� � � 	!���"�#� � � 	$	�&% �������'	�(� ��������	 �!��������	�(� ���)����	 �!�������'	�(� ��������	 *+ � ���,�-� �������/.�01� � 	$	�&% �������'	�(� ��������	 �!��������	�(� ���)����	 �!�������'	�(� ��������	�*
Step 6: The domains

���
and

�32
are isomorphic. In the aboveconstraintsreplaceeachoccuranceof an element

of
���

by thecorrespondingelementof
�32

. The resultingconstraintsareidentical,modulorenamingof identifiers,
to that of 46587:9 ; 2 .
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